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ARTICLE INFO ABSTRACT
Keywords: We present an online-adaptive hyperreduced reduced basis element method for model order re-
Component-based model order reduction duction of parameterized, component-based nonlinear systems. The method, in the offline phase,
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Brezzi-Rappaz-Raviart theorem

adaptive refinement

hierarchical error estimation

prepares a library of hyperreduced archetype components of various fidelity levels and, in the on-
line phase, assembles the target system using instantiated components whose fidelity is adaptively
selected to satisfy a user-prescribed system-level error tolerance. To achieve this, we introduce
a hierarchical error estimation framework that compares solutions at successive fidelity levels
and drives a local refinement strategy based on component-wise error indicators. We also pro-
vide an efficient estimator for the system-level error to ensure that the adaptive strategy meets
the desired accuracy. Component-wise hyperreduction is performed using an empirical quadra-
ture procedure, with the training accuracy guided by the Brezzi-Rappaz-Raviart theorem. The
proposed method is demonstrated on a family of nonlinear thermal fin systems comprising up to
225 components and 68 parameters. Numerical results show that the hyperreduced reduced basis
element model achieves ©(100) computational reduction at 1% error level relative to the truth
finite-element model. In addition, the adaptive refinement strategy provides more effective error
control than uniform refinement by selectively enriching components with higher local errors.

1. Introduction

Many scenarios in computational science, including design optimization, uncertainty quantification, and control, frequently in-
volve many-query problems that require repeated solutions of parameterized partial differential equations (PDEs). For problems
whose solution manifold admits accurate approximation in a low-dimensional space, reduced basis (RB) methods offer an effective
approach to rapidly and reliably approximate the PDE solution at different parameter values [1-4]. A typical workflow for RB meth-
ods involves separating the computation into offline and online phases. In the offline phase, the high-fidelity (i.e., truth) problem is
solved (using, for example, finite element (FE) methods) for many training parameter values to generate solution snapshots, which
are then used to construct a basis for the RB space. For nonlinear problems, this phase also includes hyperreduction [4-6]. Although
the offline phase can be computationally demanding, it enables significant computational savings in the online phase, where the
reduced problem is solved numerous times for different parameter values in the many-query application.

Despite the effectiveness of standard RB methods for certain problems, they face significant challenges when applied to some com-
plex engineering applications. One major limitation is their inability to accommodate topology-varying parameterizations: even slight
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$f \in \{ 1,\dots ,N_{\pi _{\wc }(p)}^{\mathrm {fdl}} \}$


$\wc $


$\{ \what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}} \}_{\mathbf {f} \in \mathcal {F}_{\wc }}$


$\mathcal {F}_{\wc }$


$(1 + n_{\wc }^\gamma )$


$\mathbf {f} = (f_{\mathrm {b}}, ( f_p)_{p \in \pset _{\wc }})$


$f_{\mathrm {b}} \in \{1,\dots ,N_{\wc ,{\mathrm {b}}}^{\mathrm {fdl}} \}$


$f_p \in \{1,\dots ,N_{\pi _{\wc }(p)}^{\mathrm {fdl}} \}$


$p$


$N_{\wc }^{\mathrm {fdl}} \equiv N_{\wc ,{\mathrm {b}}}^{\mathrm {fdl}} \prod _{p \in \pset _{\wc }} N_{\pi _{\wc }(p)}^{\mathrm {fdl}}$


$\mathcal {F}_{\wc }$


$\what {\mathcal {V}}_{\rb ,\wc } = \what {\mathcal {V}}_{\rb ,\wc }^{(N_{\wc ,{\mathrm {b}}}^{\mathrm {fdl}}, (N_{\pi _{\wc }(p)}^{\mathrm {fdl}})_{p \in \pset _{\wc }} )}$


$\wc $


$\wc $


$\what {\mathcal {V}}_{\rb ,\wc }^{(1, \dots , 1 )}$


$\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


$(\tilde {\hat {x}}_{\wc ,q}^{\mathbf {f}}, \tilde {\hat {\rho }}_{\wc ,q}^{\mathbf {f}} )_{q=1}^{\wtilde {Q}_{\wc ,\mathbf {f}}} \subset (\widehat {x}_{\wc ,q}, \wrho _{\wc ,q} )_{q=1}^{Q_{\wc }}$


$c \in \sys $


\begin {equation}\nonumber \begin {aligned} \mathcal {V}_{\rb ,c}^{{\mathrm {b}},f} &\equiv \left \{v = \widehat {v} \circ \mathcal {G}_c^{-1}(\cdot ; \mu _c) : \: \widehat {v} \in \widehat {\mathcal {V}}_{\rb ,M(c)}^{{\mathrm {b}},f} \right \} \qquad f \in \{1, \dots , N_{M(c),{\mathrm {b}}}^{\mathrm {fdl}} \}, \\ \mathcal {V}_{\rb ,c}^{p,f} &\equiv \left \{v = \widehat {v} \circ \mathcal {G}_c^{-1}(\cdot ; \mu _c) : \: \widehat {v} \in \widehat {\mathcal {V}}_{\rb ,M(c)}^{p, f} \right \} \qquad f \in \{1, \dots , N_{\pi _{M(c)}(p)}^{\mathrm {fdl}} \} \quad \forall p \in \pset _{M(c)}. \end {aligned}\end {equation}


$c \in \sys $


$N_{M(c)}^{\mathrm {fdl}}$


$\mathcal {V}_{\rb ,c}^{\mathbf {f}} \equiv \Big \{v = \widehat {v} \circ \mathcal {G}_c^{-1}(\cdot ; \mu _c) : \: \widehat {v} \in \widehat {\mathcal {V}}_{\rb ,M(c)}^{\mathbf {f}} \Big \}$


$\mathbf {f} \in \mathcal {F}_{M(c)}$


$\mathcal {V}_\rb ^{\mathrm {finest}}$


$\mathcal {V}_\rb ^{\mathrm {coarsest}} \subset \mathcal {V}_\rb ^{\mathrm {finest}}$


$\wc \in \wcset $


$\bar {\mathcal {F}}_{\wc } \equiv \mathcal {F}_{\wc } \setminus \{(N_{\wc , {\mathrm {b}}}^{\mathrm {fdl}}, (N_{\pi _{\wc (p)}}^{\mathrm {fdl}})_{p \in \pset _{\wc }})\}$


$k$


$\mathcal {V}_{\rb }^k \equiv \left ( \boplus _{c \in \sys } \mathcal {V}_{\rb ,c}^{\mathbf {f}_c} \right ) \cap \mathcal {V}$


$\mathbf {f}_c = (f_{c, {\mathrm {b}}}, (f_{c, p})_{p \in \pset _{M(c)}}) \in \bar {\mathcal {F}}_{M(c)}$


$\mathcal {V}_\rb ^{\mathrm {coarsest}} \subset \mathcal {V}_\rb ^k \subset \mathcal {V}_\rb ^{\mathrm {finest}}$


${\mathcal {V}}_{\rb }^{k'} = \left ( \boplus _{c \in \sys } \mathcal {V}_{\rb ,c}^{\mathbf {f}_c'} \right ) \cap \mathcal {V}$


$\mathbf {f}_c' = \mathbf {f}_c + \mathbf {1} \equiv (f_{c, {\mathrm {b}}} + 1, (f_{c, p} + 1)_{p \in \pset _{M(c)}})$


$\forall c \in \sys $


$\mu \in \mathcal {D}$


$k$


$\wtilde {u}_\rb (\mu ) \in \mathcal {V}_\rb ^k$


$\wtilde {{u}}_\rb '(\mu ) \in {\mathcal {V}}_\rb ^{k'}$


$\mathcal {V}_\rb = \mathcal {V}_{\rb }^k$


$\mathcal {V}_\rb = {\mathcal {V}}_\rb ^{k'}$


$\eta _{\wc ,\mathbf {f}}$


$\wc \in \wcset $


$\mathbf {f} \in \bar {\mathcal {F}}_{\wc }$


\begin {equation}\begin {aligned} \label {eq:eta} \|u_h(\mu )\big |_{\Omega _c} - \wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c} \leq \eta _{M(c), {\mathbf {f}}_c} \: \|u_h(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c}.  \end {aligned}\end {equation}


$\mathcal {V}_{\rb }^k \subset {\mathcal {V}}_\rb ^{k'}$


$\wtilde {{u}}_\rb '(\mu )$


$u_h(\mu ) \in \mathcal {V}_h$


$\wtilde {u}_\rb (\mu )$


$0 \leq \eta _{\wc ,\mathbf {f}} < 1$


$\wc \in \wcset $


$\mathbf {f} \in \bar {\mathcal {F}}_{\wc }$


\begin {equation}\begin {aligned} \label {eq:errestimator} \|u_h(\mu ) - \wtilde {u}_\rb (\mu )\|_{\mathcal {V}} \leq \sum _{c \in \sys } \frac {1}{1 - \eta _{M(c), {\mathbf {f}}_c}} \|\wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c}.  \end {aligned}\end {equation}


$0 \leq \eta _{\wc ,\mathbf {f}} < 1$


$\forall \wc \in \wcset $


$\forall \mathbf {f} \in \bar {\mathcal {F}}_{\wc }$


$c \in \sys $


\begin {equation}\begin {aligned} \label {eq:errestimator1} (1 - \eta _{M(c), {\mathbf {f}}_c}) \|u_h(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c} \leq \|{u}_h(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c} - \|{u}_h(\mu )\big |_{\Omega _c} - \wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c} \leq \|\wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c},  \end {aligned}\end {equation}


$\|u_h(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c}$


$-1$


\begin {equation}\nonumber \begin {aligned} \|u_h(\mu ) - \wtilde {u}_\rb (\mu )\|_{\mathcal {V}} &\leq \sum _{c \in \sys } \|u_h(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c} \leq \sum _{c \in \sys } \frac {1}{1 - \eta _{M(c), {\mathbf {f}}_c}} \|\wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c} \|_{\mathcal {V}_c}, \end {aligned}\end {equation}


$\eta _{\wc , \mathbf {f}}$


$\forall \wc \in \wcset $


$\forall \mathbf {f} \in \bar {\mathcal {F}}_{\wc }$


$\eta _{\wc , \mathbf {f}}$


$\wc $


$\mathcal {V}_{\rb , \wc }^{\mathbf {f}}$


$\mathcal {V}_{\rb , \wc }^{\mathbf {f}'}$


$\mathbf {f}' = \mathbf {f} + \mathbf {1}$


$\eta _{\wc , \mathbf {f}}$


${\mathbf {f}}_c = (f_{c, {\mathrm {b}}}, (f_{c, p})_{p \in \pset _{M(c)}}) = (1, \dots , 1)$


$\forall c \in \sys $


$k$


$\wtilde {u}_\rb (\mu ) \in \mathcal {V}_\rb ^k$


$\mathcal {V}_\rb = \mathcal {V}_\rb ^k = \left ( \boplus _{c \in \sys } \mathcal {V}_{\rb ,c}^{\mathbf {f}_c} \right ) \cap \mathcal {V}$


$\mathbf {f}_c \in \bar {\mathcal {F}}_{M(c)}$


${\mathcal {V}}_\rb ^{k'} = \left ( \boplus _{c \in \sys } \mathcal {V}_{\rb ,c}^{\mathbf {f}_c'} \right ) \cap \mathcal {V}$


$\mathbf {f}_c' = \mathbf {f}_c + \mathbf {1}$


$\forall c \in \sys $


$\wtilde {{u}}_\rb '(\mu ) \in {\mathcal {V}}_\rb ^{k'}$


${\mathcal {V}}_\rb = {\mathcal {V}}_\rb ^{k'}$


$\mathcal {E}$


$\eta _{M(c), \mathbf {f}_c}$


$\|\wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c}\|_{\mathcal {V}_c}$


$\forall c \in \sys $


$\mathcal {E} / \| \wtilde {{u}}_\rb '(\mu ) \|_{\mathcal {V}}$


$\| \wtilde {{u}}_\rb '(\mu ) \|_{\mathcal {V}}$


$\|u_h(\mu )\|_{\mathcal {V}}$


$\Delta \%$


$N_{\mathrm {ref}}$


$\forall c \in \sys $


$\forall p \in \pset _{M(c)}$


$N_{M(c), {\mathrm {b}}}^{\mathrm {fdl}} - 1$


$N_{\pi _{M(c)}(p)}^{\mathrm {fdl}} - 1$


$\mu \in \mathcal {D}$


$\epsilon > 0$


$N_{\mathrm {ref}}$


$\Delta $


$\wtilde {u}_\rb (\mu )$


$\|u_h(\mu ) - \wtilde {u}_\rb (\mu )\|_{\mathcal {V}} \leq \epsilon $


$\mathcal {E} = \infty $


$k = 0$


${\mathbf {f}}_c = (f_{c, {\mathrm {b}}}, (f_{c, p})_{p \in \pset _{M(c)}}) = (1, \dots , 1)$


$\forall c \in \sys $


$\sys _{\mathrm {sub}} = \emptyset $


$k < N_{\mathrm {ref}}$


$\mathcal {V}_\rb = \mathcal {V}_\rb ^k = \left ( \boplus _{c \in \sys } \mathcal {V}_{\rb ,c}^{\mathbf {f}_c} \right ) \cap \mathcal {V}$


$\wtilde {u}_\rb (\mu ) \in \mathcal {V}_\rb ^k$


$f_{c,{\mathrm {b}}} = N_{M(c), {\mathrm {b}}}^{\mathrm {fdl}} - 1$


$\forall c \in \sys $


$f_{c,p} = N_{\pi _{M(c)}(p)}^{\mathrm {fdl}} - 1$


$\forall p \in \pset _{M(c)}$


$\mathbf {f}_c' = \mathbf {f}_c + \mathbf {1}$


$\forall c \in \sys $


${\mathcal {V}}_\rb = {\mathcal {V}}_\rb ^{k'} = \left ( \boplus _{c \in \sys } \mathcal {V}_{\rb ,c}^{\mathbf {f}_c'} \right ) \cap \mathcal {V}$


$\wtilde {{u}}_\rb '(\mu ) \in {\mathcal {V}}_\rb ^{k'}$


$\mathcal {E}_c \equiv \|\wtilde {{u}}_\rb '(\mu )\big |_{\Omega _c} - \wtilde {u}_\rb (\mu )\big |_{\Omega _c}\|_{\mathcal {V}_c} / (1 - \eta _{M(c), {\mathbf {f}}_c})$


$\forall c \in \sys $


$\mathcal {E} = \sum _{c \in \sys } \mathcal {E}_c$


$\mathcal {E} \leq \epsilon $


$\mathcal {E}_c$


$\forall c \in \sys $


$\Delta \%$


$\sys _{\mathrm {sub}} \subset \sys $


$\mathbf {f}_c \leftarrow (\min (f_{c, {\mathrm {b}}} + 1, N_{M(c),{\mathrm {b}}}^{\mathrm {fdl}} - 1), (\min (f_{c, p} + 1, N_{\pi _{M(c)}(p)}^{\mathrm {fdl}} - 1))_{p \in \pset _{M(c)}})$


$\forall c \in \sys _{\mathrm {sub}}$


$k \leftarrow k + 1$


$\mathcal {O}({Q}_h \equiv \sum _{c \in \sys } Q_{M(c)})$


$\mathcal {O}(\mathcal {N}_h^n)$


$1 \leq n \leq 2$


$k$


$\mathcal {V}_\rb ^k$


${\mathcal {V}}_\rb ^{k'}$


$\mathcal {V}_\rb ^k$


$\mathcal {O}(\sum _{c \in \sys } N_{c,k}^2 \wtilde {Q}_{c,k}) \ll \mathcal {O}(Q_h)$


$N_{c,k}$


$c$


$\wtilde {Q}_{c,k}$


$c$


${\mathcal {V}}_\rb ^{k'}$


$\mathcal {V}_\rb ^k$


${\mathcal {V}}_\rb ^{k'}$


$\mathcal {O}([\dim (\mathcal {V}_\rb ^k)]^m) \leq \mathcal {O}([\dim ({\mathcal {V}}_\rb ^{k'})]^m) \ll \mathcal {O}(\mathcal {N}_h^n)$


$1 \leq m \leq 3$


$1 \leq m \leq 2$


$N_\comp $


$N_\comp = 1$


$m = 3$


$\mathcal {O}\left ( \mathcal {N}_h^n \right )$


$n = 1$


$n = 4/3$


$d = 3$


$\wc \in \wcset $


$\eta _{\wc , \mathbf {f}}$


$\forall \mathbf {f} \in \bar {\mathcal {F}}_{\wc }$


$\{ \tilde {\hat {\rho }}_{\wc ,q}^{\mathbf {f}}\}_{q=1}^{\wtilde {Q}_{\wc ,\mathbf {f}}}$


$\forall \mathbf {f} = (f_{\mathrm {b}}, ( f_p)_{p \in \pset _{\wc }}) \in {\mathcal {F}}_{\wc }$


$\{ \widehat {\xi }_{\wc ,i}^{\mathrm {b}} \}_{i=1}^{N_{\wc ,f_{{\mathrm {b}}}}^{\mathrm {b}}}$


$\{ \widehat {\theta }_{\wc ,i}^p \}_{i=1}^{N_{\pi _{\wc (p)},f_p}}$


$\forall p \in \pset _{\wc }$


$\{\tilde {\hat {x}}_{\wc ,q}^{\mathbf {f}} \}_{q=1}^{\wtilde {Q}_{\wc ,\mathbf {f}}}$


$\forall \mathbf {f} \in {\mathcal {F}}_{\wc }$


$\{ \nabla \widehat {\xi }_{\wc ,i}^{\mathrm {b}} \}_{i=1}^{N_{\wc ,f_{\mathrm {b}}}^{\mathrm {b}}}$


$\{ \nabla \widehat {\theta }_{\wc ,i}^p \}_{i=1}^{N_{\pi _{\wc (p)},f_p}}$


$\forall p \in \pset _{\wc }$


$\{\tilde {\hat {x}}_{\wc ,q}^{\mathbf {f}} \}_{q=1}^{\wtilde {Q}_{\wc ,\mathbf {f}}}$


$\forall \mathbf {f} \in {\mathcal {F}}_{\wc }$


\begin {equation}\begin {aligned} \nonumber \mathcal {M}_{\mathrm {lib}} \equiv \sum _{\wc \in \wcset } \Big ( (N_{\wc }^{\mathrm {fdl}} - 1) + \sum _{\mathbf {f} \in \mathcal {F}_{\wc }} \wtilde {Q}_{\wc , \mathbf {f}} \Big (1 + (N_{\wc , f_{\mathrm {b}}}^{\mathrm {b}} + \sum _{p \in \pset _{\wc }} N_{\pi _{\wc (p)},f_p})(d + 1) \Big ) \Big ).  \end {aligned}\end {equation}


$k$


$\mathcal {O}(\sum _{c \in \sys } N_{c,k'}^2)$


$N_{c,k'}$


$c$


$\mathcal {O}\left (\mathcal {M}_{\mathrm {lib}} + \max _{k' \in \{1, \dots , N_{\mathrm {ref}} \}} \sum _{c \in \sys } N_{c,k'}^2 \right )$


$\mathcal {N}_{\wc }^{\mathrm {b}}$


$\forall \wc \in \wcset $


$\mathcal {N}_{\widehat {p}}$


$\forall \widehat {p} \in \wpset $


$Q_{\wc }$


$\forall \wc \in \wcset $


$\wc \in \wcset $


$\Xi ^{\train }_{\wc } \equiv \{ \mu ^{\train }_{\wc ,n} \in \widehat {\mathcal {D}}_{\wc } \}_{n=1}^{N^{\train }_{\wc }}$


$N^{\train }_{\wc }$


$\wc \in \wcset $


$N_{\sample }$


$n^\gamma _{\wc }$


$\nu $


$\wc $


$U_{h,\wc }^{\train }$


$\wc $


$\wc $


$\wc $


$U_{h,\wc }^{\train ,{\mathrm {b}}}$


$\forall \wc \in \wcset $


$U_{h,\widehat {p}}^{\train }$


$\forall \widehat {p} \in \wpset $


$\wc \in \wcset $


$U_{h,\wc }^{\train ,{\mathrm {b}}}$


$\delta _{\wc ,\mathrm {pod}}^1 > \cdots > \delta _{\wc ,\mathrm {pod}}^{N_{\wc ,{\mathrm {b}}}^{\mathrm {fdl}}}$


$\{\what {\mathcal {V}}_{\rb ,\wc }^{{\mathrm {b}},f}\}_{f=1}^{N_{\wc ,{\mathrm {b}}}^{\mathrm {fdl}}}$


$\widehat {p} \in \wpset $


$U_{h,\widehat {p}}^\train $


$\delta _{\widehat {p},\mathrm {pod}}^1 > \cdots > \delta _{\widehat {p},\mathrm {pod}}^{N_{\widehat {p}}^{\mathrm {fdl}}}$


$\{\what {\mathcal {X}}_{\rb ,\widehat {p}}^f\}_{f=1}^{N_{\widehat {p}}^{\mathrm {fdl}}}$


$\wc \in \wcset $


$\{\what {\mathcal {V}}_{\rb ,\wc }^{p,f}\}_{f=1}^{N_{\pi _{\wc (p)}}^{\mathrm {fdl}}}$


$p \in \pset _{\wc }$


$\{\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}\}_{\mathbf {f} \in \mathcal {F}_{\wc }}$


$N_{\sample }$


$0 \leq \nu \leq 1$


$U_{h,\wc }^{\train }$


$U_{h,\wc }^{\train ,{\mathrm {b}}}$


$\forall \wc \in \wcset $


$U_{h,\widehat {p}}^{\train }$


$\forall \widehat {p} \in \wpset $


$U_{h,\wc }^{\train } \leftarrow \emptyset $


$U_{h,\wc }^{\train ,{\mathrm {b}}} \leftarrow \emptyset $


$\forall \wc \in \wcset $


$U_{h,\widehat {p}}^{\train } \leftarrow \emptyset $


$\forall \widehat {p} \in \wpset $


$\wc \in \wcset $


$n=1, \dots , N_{\sample }$


$\mathcal {C}_{\rm sub}$


$\wc $


$\mathcal {C}_{\rm sub} \leftarrow \{ \wc \}$


$p \in \pset _{\wc }$


$\nu $


$p$


$\wc $


$\mathcal {C}_{\rm sub}$


$\mu _c \sim \text {Uniform}(\mathcal {D}_c)$


$c \in \mathcal {C}_{\rm sub}$


$\wc $


$\mathcal {C}_{\rm sub}$


$u_{h,c}^{\train }$


$c$


$\wc $


$u_{h,\wc }^{\train } = u_{h,c}^{\train } \circ \mathcal {G}_c(\cdot ; \mu _c)$


$U_{h,\wc }^{\train } \leftarrow U_{h,\wc }^{\train } \cup \{ u_{h,\wc }^{\train } \}$


$u_{h,c}^{\train } = u_{h,c}^{\train ,{\mathrm {b}}} + \sum _{p \in \pset _{M(c)}} u_{h,c}^{\train ,p}$


$u_{h,\wc }^{\train ,{\mathrm {b}}} = u_{h,c}^{\train ,{\mathrm {b}}} \circ \mathcal {G}_c(\cdot ; \mu _c)$


$U_{h,\wc }^{\train ,{\mathrm {b}}} \leftarrow U_{h,\wc }^{\train } \cup \{ u_{h,\wc }^{\train ,{\mathrm {b}}} \}$


$p \in \pset _{\wc }$


$u_{h,\wc }^{\train ,p} = u_{h,c}^{\train ,p} \circ \mathcal {G}_c(\cdot ; \mu _c)$


$\bar {u}_{h,\wc }^{\train ,p} = u_{h,\wc }^{\train ,p} \big |_{\what {\gamma }_{\wc ,p}} \circ \mathcal {R}_{\wc ,p}(\cdot )$


$U_{h,\pi _{\wc (p)}}^{\train } \leftarrow U_{h,\pi _{\wc (p)}}^{\train } \cup \{ \bar {u}_{h,\wc }^{\train ,p} \}$


$\wc \in \wcset $


$\what {R}_{h,\wc }: \what {\mathcal {V}}_{h,\wc } \times \what {\mathcal {V}}_{h,\wc } \times \what {\mathcal {D}}_{\wc } \to \mathbb {R}$


$\wtilde {\what {R}}_{\rb ,\wc }: \what {\mathcal {V}}_{\rb ,\wc } \times \what {\mathcal {V}}_{\rb ,\wc } \times \what {\mathcal {D}}_{\wc } \to \mathbb {R}$


$\forall \wc \in \wcset $


\begin {equation}\begin {aligned} \nonumber R_h(w, v;\mu ) &= \sum _{c \in \sys } \what {R}_{h,M(c)}(w \big |_{\Omega _c} \circ \mathcal {G}_{c}(\cdot ; \mu _c), v \big |_{\Omega _c} \circ \mathcal {G}_{c}(\cdot ; \mu _c);\mu _c) \qquad \forall w,v \in \mathcal {V}_h, \forall \mu \in \mathcal {D},\\ \wtilde {R}_\rb (w, v;\mu ) &= \sum _{c \in \sys } \wtilde {\what {R}}_{\rb ,M(c)}(w \big |_{\Omega _c} \circ \mathcal {G}_{c}(\cdot ; \mu _c), v \big |_{\Omega _c} \circ \mathcal {G}_{c}(\cdot ; \mu _c);\mu _c) \qquad \forall w,v \in \mathcal {V}_\rb , \forall \mu \in \mathcal {D}.  \end {aligned}\end {equation}


$\what {R}_{h,\wc }(\cdot , \cdot ; \cdot )$


$\wtilde {\what {R}}_{\rb ,\wc }(\cdot , \cdot ; \cdot )$


$\wc \in \wcset $


$\varepsilon _{\rb , \wc } \in \mathbb {R}_{\geq 0}$


$\wtilde {\varepsilon }_{\rb , \wc } \in \mathbb {R}_{\geq 0}$


$\sys $


$\forall \mu = (\mu _c)_{c \in \sys } \in \mathcal {D}$


\begin {align}\sup _{v \in \mathcal {V}_{h,c}} \frac {|\what {R}_{h,M(c)}({u}_\rb (\mu )\big |_{\Omega _c} \circ \mathcal {G}_c(\cdot ; \mu _c), {v} \circ \mathcal {G}_c(\cdot ; \mu _c); \mu _c) |}{\| v \|_{\mathcal {V}_c}} &\leq \varepsilon _{\rb , M(c)} \qquad \forall c \in \sys \label {eq:epsilonhc}, \\ \sup _{v \in \mathcal {V}_{\rb ,c}} \frac {|\wtilde {\what {R}}_{\rb ,M(c)}({u}_\rb (\mu )\big |_{\Omega _c} \circ \mathcal {G}_c(\cdot ; \mu _c), {v} \circ \mathcal {G}_c(\cdot ; \mu _c); \mu _c) |}{\| v \|_{\mathcal {V}_c}} &\leq \wtilde {\varepsilon }_{\rb , M(c)} \qquad \forall c \in \sys . \label {eq:epsilonrbc}\end {align}


\begin {equation}\begin {aligned} \label {eq:totalerror} \|u_h(\mu ) - \wtilde {u}_\rb (\mu ) \|_{\mathcal {V}} \leq \frac {2}{\beta (\mu )} \sum _{c \in \sys } (\varepsilon _{\rb ,M(c)}+ \wtilde {\varepsilon }_{\rb , M(c)}),  \end {aligned}\end {equation}


$\beta (\mu ) = \min (\beta _h({u}_\rb (\mu ); \mu ), \beta _\rb ({u}_\rb (\mu ); \mu ))$


\begin {equation}\begin {aligned} \nonumber \beta _h(v; \mu ) &= \inf _{w \in \mathcal {V}_h} \sup _{z \in \mathcal {V}_h} \frac {|R_h'(v, w, z; \mu )|}{\| w\|_{\mathcal {V}} \|z\|_{\mathcal {V}}} \qquad \forall v \in \mathcal {V}_h, \forall \mu \in \mathcal {D}, \\ \beta _\rb (v; \mu ) &= \inf _{w \in \mathcal {V}_\rb } \sup _{z \in \mathcal {V}_\rb } \frac {|R_h'(v, w, z; \mu )|}{\| w\|_{\mathcal {V}} \|z\|_{\mathcal {V}}} \qquad \forall v \in \mathcal {V}_\rb , \forall \mu \in \mathcal {D}.  \end {aligned}\end {equation}


$R'_h(v, w, z; \mu )$


$\forall v,w,z \in \mathcal {V}_h$


$\forall \mu \in \mathcal {D}$


$R_h(\cdot ,z;\mu )$


$v$


$w$


$R'_h(v,w,z; \mu )$


$\wtilde {\varepsilon }_{\rb , \wc } \ll \varepsilon _{\rb , \wc }$


$\wc \in \wcset $


$\wtilde {\varepsilon }_{\rb , \wc }$


$\varepsilon _{\rb , \wc }$


$\calO (10)$


$\calO (100)$


$\wc \in \wcset $


$\{\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}\}_{\mathbf {f} \in \mathcal {F}_{\wc }}$


$\varepsilon _{\rb , \wc }^{\mathbf {f}}$


$\wtilde {\varepsilon }_{\rb , \wc }^{\mathbf {f}}$


$\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


$\varepsilon _{\rb , \wc }^{\mathbf {f}}$


$\forall \wc \in \wcset $


$\forall \mathbf {f} \in \mathcal {F}_{\wc }$


$\wc $


$U_{h,\wc }^\train $


$P_{\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}}: \what {\mathcal {V}}_{h,\wc } \to \what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


$H^1(\what {\Omega }_{\wc })$


$\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


$\varepsilon _{\rb , \wc }^{\mathbf {f}}$


\begin {equation}\begin {aligned} \nonumber \varepsilon _{\rb , \wc }^{\mathbf {f}} \approx \max _{u_{h,\wc }^\train \in U_{h,\wc }^\train } \sup _{v \in \what {\mathcal {V}}_{h,\wc }} \frac {|\what {R}_{h,\wc }( P_{\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}} (u_{h,\wc }^\train ), {v}; \mu _{\wc }^\train ) |}{\| v \|_{\what {\mathcal {V}}_{\wc }}},  \end {aligned}\end {equation}


$\mu _{\wc }^\train \in \Xi _{\wc }^\train $


$u_{h,\wc }^\train $


$\forall \wc \in \wcset $


$\wtilde {\varepsilon }_{\rb , \wc }^{\mathbf {f}} \ll \varepsilon _{\rb , \wc }^{\mathbf {f}}$


$\forall \mathbf {f} \in \mathcal {F}_{\wc }$


$\wc $


$\what {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


$\wtilde {\varepsilon }_{\rb , \wc }^{\mathbf {f}}$


$\forall \mu \in \mathcal {D}$


$\varepsilon _{\rb , \wc }^{\mathbf {f}}$


$\wtilde {\varepsilon }_{\rb , \wc }^{\mathbf {f}}$


$u_\rb (\mu )$


$\mu \in \mathcal {D}$


$\sys $


$\mu \in \mathcal {D}$


$c \in \sys $


$\eta _{M(c),{\mathbf {f}}_c}$


$\mathbf {f}_c \in \bar {\mathcal {F}}_{M(c)}$


${\mathcal {V}}_{\rb ,M(c)}^{\mathbf {f}_c}$


${\mathcal {V}}_{\rb ,M(c)}^{\mathbf {f}_c'}$


$\mathbf {f}_c' = \mathbf {f}_c + \mathbf {1}$


$\eta _{\wc ,\mathbf {f}}$


$\wc \in \wcset $


$\mathbf {f} \in \bar {\mathcal {F}}_{\wc }$


\begin {equation}\begin {aligned} \label {eq:etaetimate} \eta _{\wc ,\mathbf {f}} \approx \max _{\mu \in \Xi _{\wc }^{\train }} \frac {\|u_{h,\wc }(\mu ) - \wtilde {{u}}_{\rb ,\wc }'(\mu ) \|_{\what {\mathcal {V}}_{\wc }}}{\| u_{h,\wc }(\mu ) - \wtilde {u}_{\rb ,\wc }(\mu ) \|_{\what {\mathcal {V}}_{\wc }}}.  \end {aligned}\end {equation}


$\mu \in \Xi _{\wc }^{\train }$


$u_{h,\wc }(\mu ) \in \what {\mathcal {V}}_{h,\wc }$


$\wtilde {{u}}_{\rb ,\wc }(\mu ) \in {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


$\wtilde {{u}}_{\rb ,\wc }'(\mu ) \in {\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}'}$


$\mathbf {f}' = \mathbf {f} + \mathbf {1}$


${\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}}$


${\mathcal {V}}_{\rb ,\wc }^{\mathbf {f}'}$


$H^1(\what {\Omega }_{\wc })$


$k: [1, 300] \: \mathrm {K} \to [4.341, 177.868] \: \mathrm {W/K}$


\begin {equation}\label {eq:conductivity} \log (k(v)) = \sum _{i=0}^7 k_i \: (\log (v))^i \quad \forall v \in [1, 300] \: \mathrm {K},\end {equation}


$k_i$


$i = 0,\dots , 7$


\begin {equation}\nonumber R(w,v;\mu ) = \int _{\Omega (\mu )} \left (k(w) \nabla w \right ) \cdot \nabla v \: dx - \int _{\Omega (\mu )} f(\mu ) \: v \: dx \quad \forall w,v \in \mathcal {V},\end {equation}


$\mathcal {V} = \left \{ v \in H^1(\Omega (\mu )) : \ v|_{\Gamma _D} = 0 \right \}$


$f: \mathcal {D} \to L^2(\Omega (\mu ))$


$w$


$\wcset = \{\mathrm {Rod}, \mathrm {Bracket}, \mathrm {Cross} \}$


$17$


$\wpset = \{ \mathrm {Line} \}$


$1$


$\mu _1$


$\mu _2$


$\mu _1, \mu _2 \in [0.25, 1.5]$


$\mu _1 \in [3, 6]$


$\mu _1 = \mu _2 = 1$


$\mu _1 = 4$


$\mu _3 \in [0, 10]$


$\mathrm {W/cm^2}$


$\mathcal {N}^{{\mathrm {b}}}_{\mathrm {Rod}} = 691$


$\mathcal {N}^{{\mathrm {b}}}_{\mathrm {Bracket}} = 703$


$\mathcal {N}^{{\mathrm {b}}}_{\mathrm {Cross}} = 1165$


$N_{\sample } = 100$


$\nu = 0.8$


$1$


$250$


$U_{h, \wc }^{\train }$


$U_{h, \wc }^{\train ,{\mathrm {b}}}$


$\forall \wc \in \wcset $


$U_{h, \mathrm {Line}}^{\train }$


$N_{\mathrm {Line}}^{\mathrm {fdl}} = 4$


$U_{h, \mathrm {Line}}^{\train }$


$\delta _{\mathrm {Line}, \mathrm {pod}}^1 = 0.1$


$\delta _{\mathrm {Line}, \mathrm {pod}}^2 = 0.01$


$\delta _{\mathrm {Line}, \mathrm {pod}}^3 = 0.001$


$\delta _{\mathrm {Line}, \mathrm {pod}}^4 = 0.0001$


$N_{\wc , {\mathrm {b}}}^{\mathrm {fdl}} = 4$


$\wc \in \wcset $


$U_{h, \wc }^{\train ,{\mathrm {b}}}$


$\forall \wc \in \wcset $


$\delta _{\wc , \mathrm {pod}}^1 = 0.1$


$\delta _{\wc , \mathrm {pod}}^2 = 0.01$


$\delta _{\wc , \mathrm {pod}}^3 = 0.001$


$\delta _{\wc , \mathrm {pod}}^4 = 0.0001$


$N_{\wc }^{\mathrm {b}}$


$\forall \wc \in \wcset $


$\varepsilon _{\rb , \wc }^{\mathbf {f}}$


$\wc \in \wcset $


$\mathbf {f} \in \mathcal {F}_{\wc }$


$\wtilde {\varepsilon }_{\rb , \wc }^{\mathbf {f}}$


$1\%$


$\varepsilon _{\rb , \wc }^{\mathbf {f}}$


$\wc $


$\mathbf {f}$


$\wc \in \wcset $


$\wc \in \wcset $


$N_{\wc }^{\mathrm {fdl}}$


$N_{\wc }^{\mathrm {fdl}}$


$N_{\wc }^{\mathrm {fdl}}$


$\wc \in \wcset $


$\mathbf {f} = (f_{{\mathrm {b}}}, (f_{p})_{p \in \pset _{\wc }}) \in \bar {\mathcal {F}}_{\wc }$


$\mathbf {f}' = \mathbf {f} + \mathbf {1}$


$\eta _{\wc ,\mathbf {f}}$


$\mathbf {f} = (3, 1,\dots , 1)$


$\mathbf {f}' = (4, 2,\dots , 2)$


$N_\fin = 3$


$N_\fin = 3$


$N_\fin $


$N_\fin = 3$


$N_\fin = 2$


$8$


$N_\comp = (3 N_\fin + 1)(N_\fin + 1)$


$\mathcal {N}_h$


$Q_h = \sum _{c \in \sys } Q_{M(c)}$


$N_\fin $


${N}_\rb ^{(f)}$


$\wtilde {Q}_\rb ^{(f)} = \sum _{c \in \sys } \wtilde {Q}_{M(c), (f, \dots , f)}$


$f \in \{1, \dots , 4 \}$


$\approx 50\times $


$\approx 20\times $


$u_{\mathrm {left}} = 25$


$\Gamma _{\mathrm {left}}$


$u_{\mathrm {right}} = 125$


$\Gamma _{\mathrm {right}}$


$u_{\mathrm {bottom}} = 275$


$\Gamma _{\mathrm {bottom}}$


$u_{\mathrm {top}} = 100$


$\Gamma _{\mathrm {top}}$


$N_{\fin } = 3$


$N_\fin + 1$


$(N_\fin - 1)^2$


$N_\fin ^2 + 4$


$10$


$\mathrm {W/cm^2}$


$N_{\mathrm {ref}} = 10$


$\Delta = 10$


$\mathcal {V}$


$1\%$


$N_\fin $


$N_\fin = 3$


$N_\fin = 4$


$N_\fin = 3$


$N_\fin = 4$


$N_\fin \in \{2,\dots , 8 \}$


$\Xi ^{\test }_{N_\fin } \equiv \{ \mu ^{\test }_{N_\fin , n} \in \mathcal {D} \}_{n=1}^5$


$N_{\mathrm {ref}} = 10$


$\Delta = 20$


$\mathcal {V}$


$1\%$


$N_\rb $


$N_\fin \in \{2, 4, 6, 8\}$


$N_\rb $


$N_\fin \in \{2, 4, 6, 8\}$


$N_{\rm fin} = 8$


$\mathcal {N}_h = 197393$


$N_{\rm rb} = 1188$


$1609$


$Q_h = 557568$


$\wtilde {Q}_\rb = \sum _{c \in \sys } \wtilde {Q}_{M(c), \mathbf {f}_c}= 8291$


$10463$


$\approx 120$


$170\times $


$\approx 50$


$70\times $


$\mathcal {V}$


$\mathcal {V}$


$\max _{\mu \in \Xi _{N_{\mathrm {fin}}}^{\mathrm {test}}} \|u_h(\mu ) - \widetilde {u}_{\mathrm {rb}}(\mu ) \|_{\mathcal {V}} / \|u_h(\mu ) - P_{\mathcal {V}_{\rm rb}} u_h(\mu ) \|_{\mathcal {V}}$


$P_{\mathcal {V}_{\rm rb}} u_h(\mu )$


$\mathcal {V}$


$u_h(\mu )$


$\mathcal {V}_{\rm rb}$


$N_\fin = 3$


$N_\fin = 3$


\begin {equation}\nonumber \left \| DG^{-1}(w) \right \|_{\mathcal {L}(\mathcal {W}'; \mathcal {W})} \leq 2 \delta .\end {equation}


$N_\comp $


$\calO (100)$


$G: \mathcal {W} \rightarrow \mathcal {W}'$


$C^1$


$\mathcal {W}$


$\mathcal {W}'$


$v \in \mathcal {W}$


$DG(v) \in \mathcal {L}(\mathcal {W}; \mathcal {W}')$


$\mathcal {L}(\mathcal {W}; \mathcal {W}')$


$\mathcal {W}$


$\mathcal {W}'$


$\| L \|_{\mathcal {L}(\mathcal {W}; \mathcal {W}')} \equiv \sup _{z \in \mathcal {W}} \| Lz \|_{\mathcal {W}'} / \|z \|_{\mathcal {W}}$


$L \in \mathcal {L}(\mathcal {W}; \mathcal {W}')$


\begin {align}\varepsilon &\equiv \left \|G(v)\right \|_{\mathcal {W}'}, \label {eq:varepsilon}\\ \delta &\equiv \left \|DG^{-1}(v)\right \|_{\mathcal {L}(\mathcal {W}'; \mathcal {W})}, \label {eq:delta}\\ T(\alpha ) &\equiv \sup _{z \in \bar {B}(v, \alpha )} \left \| DG(v) - DG(z) \right \|_{\mathcal {L}(\mathcal {W}; \mathcal {W}')},\label {eq:Talpha}\end {align}


$\bar {B}(v, \alpha ) \equiv \{ z \in \mathcal {W}: \left \| z - v \right \|_{\mathcal {W}} \leq \alpha \}$


$2 \delta T(2 \delta \varepsilon ) \leq 1$


$w \in \mathcal {W}$


$G(w) = 0$


$\bar {B}(v, 2 \delta \varepsilon )$


$DG(w) \in \mathcal {L}(\mathcal {W}; \mathcal {W}')$


$\forall z \in \bar {B}(v, 2 \delta \varepsilon )$


\begin {equation}\label {eq:brrerr} \left \| z -w \right \|_{\mathcal {W}} \leq 2 \delta \left \| G(z) \right \|_{\mathcal {W}'}.\end {equation}


$G: \mathcal {W} \rightarrow \mathcal {W}'$


$\wtilde {G}: \mathcal {W} \rightarrow \mathcal {W}'$


$C^1$


$\mathcal {W}$


$\mathcal {W}'$


$w \in \mathcal {W}$


$G(w) = 0$


$DG(w) \in \mathcal {L}(\mathcal {W}; \mathcal {W}')$


$\gamma \equiv \| DG^{-1}(w) \|_{\mathcal {L}(\mathcal {W}'; \mathcal {W})}$


\begin {align}\wtilde {\varepsilon } &\equiv \|\wtilde {G}(w)\|_{\mathcal {W}'}, \label {eq:brreqpcond1}\\ \wtilde {T}(\alpha ) &\equiv \sup _{z \in \bar {B}(w, \alpha )} \| DG(w) - D\wtilde {G}(z) \|_{\mathcal {L}(\mathcal {W}; \mathcal {W}')}. \label {eq:brreqpcond2}\end {align}


$2 \gamma \wtilde {T}(2 \gamma \wtilde {\varepsilon }) \leq 1$


$\wtilde {w} \in \mathcal {W}$


$\wtilde {G}(\wtilde {w}) = 0$


$\bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


$\forall z \in \bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


\begin {equation}\label {eq:brreqperr} \| z - \wtilde {w} \|_{\mathcal {W}} \leq 2 \gamma \| \wtilde {G}(z) \|_{\mathcal {W}'}.\end {equation}


$H: \mathcal {W} \to \mathcal {W}$


$H(z) = z - DG^{-1}(w) \wtilde {G}(z)$


$\forall z \in \mathcal {W}$


$z$


$H(\cdot )$


$\wtilde {G}(z) = 0$


\begin {equation}\nonumber \begin {aligned} H(z) - w = z - w - DG^{-1}(w) \wtilde {G}(z) &= DG^{-1}(w)DG(w)(z - w) - DG^{-1}(w)(\wtilde {G}(z) - \wtilde {G}(w)) - DG^{-1}(w) \wtilde {G}(w) \\ &= DG^{-1}(w)[DG(w)(z - w) - (\wtilde {G}(z) - \wtilde {G}(w))] - DG^{-1}(w) \wtilde {G}(w) \qquad \forall z \in \mathcal {W}. \end {aligned}\end {equation}


$H(\cdot )$


$\bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


$\wtilde {G}(z)$


$w$


\begin {equation}\nonumber \begin {aligned} \wtilde {G}(z) &= \wtilde {G}(w) + \int _{0}^1 D\wtilde {G}(w + t (z - w)) (z - w) dt. \end {aligned}\end {equation}


$z \in \bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


\begin {equation}\nonumber \begin {aligned} \| H(z) - w \|_{\mathcal {W}} &= \| DG^{-1}(w)[DG(w)(z - w) - (\wtilde {G}(z) - \wtilde {G}(w))] - DG^{-1}(w) \wtilde {G}(w) \|_{\mathcal {W}} \\ &\leq \Big \| DG^{-1}(w) \Big \|_{\mathcal {L}(\mathcal {W}'; \mathcal {W})} \: \Big \|\int _{0}^1 \Big (DG(w) - D\wtilde {G}(w + t (z - w)) \Big ) (w - z) dt + \wtilde {G}(w) \Big \|_{\mathcal {W}'} \leq \gamma (\wtilde {T}(2 \gamma \wtilde {\varepsilon }) 2 \gamma \wtilde {\varepsilon } + \wtilde {\varepsilon }) \leq 2 \gamma \wtilde {\varepsilon }, \end {aligned}\end {equation}


$2 \gamma \wtilde {T}(2 \gamma \wtilde {\varepsilon }) \leq 1$


$H(\cdot )$


$\bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


$z \in \bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


$\wtilde {G}(z)$


$w$


\begin {equation}\nonumber \begin {aligned} \| H(z) - H(w) \|_{\mathcal {W}} &= \Big \| DG^{-1}(w) \int _{0}^1 \Big ( DG(w) - D\wtilde {G}(w + t (z - w)) \Big ) (z - w) dt \Big \|_{\mathcal {W}} \leq \gamma \wtilde {T}(2 \gamma \wtilde {\varepsilon }) \|z - w \|_{\mathcal {W}} \leq \frac {1}{2} \|z - w \|_{\mathcal {W}}, \end {aligned}\end {equation}


$2 \gamma \wtilde {T}(2 \gamma \wtilde {\varepsilon }) \leq 1$


$H(\cdot )$


$\wtilde {w} \in \bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


$\wtilde {w} \in \mathcal {W}$


$\wtilde {G}(\wtilde {w}) = 0$


$z \in \bar {B}(w, 2 \gamma \wtilde {\varepsilon })$


\begin {equation}\nonumber \begin {aligned} \wtilde {w} - z = \wtilde {w} - DG^{-1}(w) \wtilde {G}(\wtilde {w}) - z &= \wtilde {w} - z - DG^{-1}(w) \Big (\wtilde {G}(z) - \int _{0}^1 D\wtilde {G}(\wtilde {w} + t (z - \wtilde {w} )) (z - \wtilde {w}) dt \Big )\\ &= DG^{-1}(w) (-\wtilde {G}(z) + \int _{0}^1 \Big (DG(w) - D\wtilde {G}(\wtilde {w} + t (z - \wtilde {w} )) \Big ) (\wtilde {w} - z) dt), \end {aligned}\end {equation}


$\wtilde {G}(z)$


$\wtilde {w}$


$2 \gamma \wtilde {T}(2 \gamma \wtilde {\varepsilon }) \leq 1$


$v, w, z \in \mathcal {V}_{\rb }$


$\mu \in \mathcal {D}$


$\wtilde {R}'_{\rb }(v, w, z; \mu )$


$\wtilde {R}_{\rb }(\cdot ,z;\mu )$


$v$


$w$


$\wtilde {R}'_{\rb }(v,w,z; \mu )$


\begin {equation}\begin {aligned} \nonumber \wtilde {\beta }_\rb (v; \mu ) &\equiv \inf _{w \in \mathcal {V}_\rb } \sup _{z \in \mathcal {V}_\rb } \frac {|\wtilde {R}'_\rb (v, w, z; \mu )|}{\| w\|_{\mathcal {V}} \| z\|_{\mathcal {V}}} \qquad && \forall v \in \mathcal {V}_\rb , \forall \mu \in \mathcal {D},  \end {aligned}\end {equation}


$\sys $


$\mu = (\mu _c)_{c \in \sys } \in \mathcal {D}$


\begin {align}T_h(\alpha ) &\equiv \sup _{{z} \in \bar {B}({{u}_\rb (\mu )}, \alpha )} \sup _{v \in \mathcal {V}_h} \sup _{w \in \mathcal {V}_h} \frac {| R'_h({u}_\rb (\mu ), v, w; \mu ) - R'_h(z, v, w; \mu )|}{\| v \|_{\mathcal {V}} \| w \|_{\mathcal {V}}}, \nonumber \end {align}


$u_\rb (\mu ) \in \mathcal {V}_\rb $


$\beta _h(u_\rb (\mu ); \mu ) > 0$


\begin {equation}\begin {aligned} \label {eq:RBcond} T_h(\frac {2}{\beta _h(u_\rb (\mu ); \mu )} \sum _{c \in \sys } \varepsilon _{\rb , M(c)}) &\leq \frac {\beta _h(u_\rb (\mu ); \mu )}{2}.  \end {aligned}\end {equation}


${u}_h(\mu ) \in \mathcal {V}_h$


$\bar {B}(u_\rb (\mu ), 2 \sum _{c \in \sys } \varepsilon _{\rb , M(c)} / \beta _h(u_\rb (\mu ); \mu ))$


\begin {equation}\begin {aligned} \label {eq:RBerr} \|u_h(\mu ) - u_\rb (\mu ) \|_{\mathcal {V}} \leq \frac {2}{\beta _h(u_\rb (\mu ); \mu )} \sum _{c \in \sys } \varepsilon _{\rb , M(c)}.  \end {aligned}\end {equation}


$\mathcal {W} \equiv \mathcal {V}_h$


$G(z) \equiv R_h(z, \cdot ; \mu ) \in \mathcal {V}_h'$


$z \in \mathcal {V}_h$


$v \equiv u_\rb (\mu )$


$\delta \equiv 1 / \beta _h(u_\rb (\mu ); \mu )$


$T(\alpha ) \equiv T_h(\alpha )$


\begin {equation}\begin {aligned} \label {eq:RBGW} \left \|G(v)\right \|_{\mathcal {W}'} &= \|{R}_{h}(u_\rb (\mu ), \cdot ; \mu ) \|_{\mathcal {V}_h'} = \sup _{z \in \mathcal {V}_h} \frac {|{R}_{h}(u_\rb (\mu ), z; \mu ) |}{\|z \|_{\mathcal {V}}} \leq \sum _{c \in \sys } \varepsilon _{\rb , M(c)},  \end {aligned}\end {equation}


$\varepsilon \equiv \sum _{c \in \sys } \varepsilon _{\rb , M(c)}$


${u}_h(\mu ) \in \mathcal {V}_h$


${R}_h({u}_h(\mu ), z; \mu ) = 0$


$\forall z \in \mathcal {V}_h$


$\bar {B}(u_\rb (\mu ), 2 \sum _{c \in \sys } \varepsilon _{\rb , M(c)} / \beta _h(u_\rb (\mu ); \mu ))$


$T_h(\cdot )$


$\sys $


$\mu = (\mu _c)_{c \in \sys } \in \mathcal {D}$


\begin {equation}\begin {aligned} \nonumber T_\rb (\alpha ) &\equiv \sup _{{z} \in \bar {B}({{u}_\rb (\mu )}, \alpha )} \sup _{v \in \mathcal {V}_\rb } \sup _{w \in \mathcal {V}_\rb } \frac {| R'_\rb ({u}_\rb (\mu ), v, w; \mu ) - \wtilde {R}'_\rb (z, v, w; \mu )|}{\| v \|_{\mathcal {V}} \| w \|_{\mathcal {V}}}.  \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \label {eq:HRBEcond} T_\rb (\frac {2}{\beta _\rb ({u}_\rb (\mu ); \mu )} \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)}) &\leq \frac {\beta _\rb ({u}_\rb (\mu ); \mu )}{2}.  \end {aligned}\end {equation}


$\forall \mu \in \mathcal {D}$


$\beta _\rb (u_\rb (\mu ); \mu ) > 0$


$\wtilde {u}_\rb (\mu ) \in \mathcal {V}_\rb $


$\bar {B}({u}_\rb (\mu ), 2 \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)} / \beta _\rb ({u}_\rb (\mu ); \mu ))$


$\wtilde {R}_\rb (\wtilde {u}_\rb (\mu ), z; \mu ) = 0$


$\forall z \in \mathcal {V}_\rb $


\begin {equation}\begin {aligned} \label {eq:HRBEerr} \|\wtilde {u}_\rb (\mu ) - {u}_\rb (\mu ) \|_{\mathcal {V}} \leq \frac {2}{\beta _\rb ({u}_\rb (\mu ); \mu )} \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)}.  \end {aligned}\end {equation}


$\mathcal {W} \equiv \mathcal {V}_\rb $


$G(z) \equiv R_\rb (z, \cdot ; \mu )$


$\wtilde {G}(z) \equiv \wtilde {R}_\rb (z, \cdot ; \mu )$


$z \in \mathcal {V}_\rb $


$w \equiv u_\rb (\mu )$


$\gamma \equiv 1 / \beta _\rb ({u}_\rb (\mu ); \mu )$


$\wtilde {T}(\alpha ) \equiv T_\rb (\alpha )$


\begin {equation}\begin {aligned} \label {eq:RBGWtilde} \|\wtilde {G}(w)\|_{\mathcal {W}'} &= \|\wtilde {R}_{\rb }({u}_\rb (\mu ), \cdot ; \mu ) \|_{\mathcal {V}_\rb '} = \sup _{z \in \mathcal {V}_\rb } \frac {|\wtilde {R}_{\rb }(u_\rb (\mu ), z; \mu ) |}{\|z \|_{\mathcal {V}}} \leq \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)},  \end {aligned}\end {equation}


$\wtilde {\varepsilon } \equiv \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)}$


$\wtilde {u}_\rb (\mu ) \in \mathcal {V}_\rb $


$\bar {B}({u}_\rb (\mu ), 2 \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)} / \beta _\rb ({u}_\rb (\mu ); \mu ))$


$\wtilde {R}_\rb (\wtilde {u}_\rb (\mu ), z; \mu ) = 0$


$\forall z \in \mathcal {V}_\rb $


$\sys $


$\mu = (\mu _c)_{c \in \sys } \in \mathcal {D}$


\begin {equation}\begin {aligned} \label {eq:betamin} \beta (\mu ) = \min (\beta _h({u}_\rb (\mu ); \mu ), \beta _\rb ({u}_\rb (\mu ); \mu )) \qquad \forall \mu \in \mathcal {D},  \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \nonumber \|u_h(\mu ) - \wtilde {u}_\rb (\mu ) \|_{\mathcal {V}} \leq \|u_h(\mu ) - u_\rb (\mu ) \|_{\mathcal {V}} + \|\wtilde {u}_\rb (\mu ) - u_\rb (\mu )\|_{\mathcal {V}} &\leq \frac {2}{\beta _h(u_\rb (\mu );\mu )} \sum _{c \in \sys } \varepsilon _{\rb , M(c)} + \frac {2}{\beta _\rb (u_\rb (\mu ); \mu )} \sum _{c \in \sys } \wtilde {\varepsilon }_{\rb , M(c)} \\ &\leq \frac {2}{\beta (\mu )} \sum _{c \in \sys } \left ( \varepsilon _{\rb , M(c)} + \wtilde {\varepsilon }_{\rb , M(c)} \right ),  \end {aligned}\end {equation}


$v,w,z \in \mathcal {V}_h$


$\mu \in \mathcal {D}$


\begin {equation}\nonumber \begin {aligned} R_h'(v, w, z;\mu ) = \sum _{c \in \sys } \sum _{q=1}^{Q_{M(c)}} \wrho _{M(c),q} \: \widehat {r}\:'_{M(c)} \Bigl ( \Bigl [ v^{\mathrm {b}}_{c} + v^{\gamma }_{c} \Bigr ] \circ \mathcal {G}_{c}(\cdot ; \mu _c), \Bigl [ w^{\mathrm {b}}_{c} + w^{\gamma }_{c} \Bigr ] \circ \mathcal {G}_{c}(\cdot ; \mu _c), \Bigl [ z^{\mathrm {b}}_{c} + z^{\gamma }_{c} \Bigr ] \circ \mathcal {G}_{c}(\cdot ; \mu _c);\widehat {x}_{M(c),q},\mu _c \Bigr ), \end {aligned}\end {equation}


$\widehat {r}\:'_{\wc }(v,w,z;\widehat {x}_{\wc ,q},\mu _{\wc })$


$\wc \in \wcset $


$\widehat {r}_{\wc }(\cdot ,z;\widehat {x}_{\wc ,q},\mu _c)$


$v$


$w$


$v,w,z \in \mathcal {V}_\rb $


$\mu \in \mathcal {D}$


\begin {equation}\nonumber \begin {aligned} \wtilde {R}_\rb '(v, w, z;\mu ) = \sum _{c \in \sys } \sum _{q=1}^{\wtilde {Q}_{M(c)}} \tilde {\hat {\rho }}_{M(c),q} \: \widehat {r}\:'_{M(c)} \Bigl (\Bigl [ v^{\mathrm {b}}_{c} + v^{\gamma }_{c} \Bigr ] \circ \mathcal {G}_{c}(\cdot ; \mu _c), \Bigl [ w^{\mathrm {b}}_{c} + w^{\gamma }_{c} \Bigr ] \circ \mathcal {G}_{c}(\cdot ; \mu _c), \Bigl [ z^{\mathrm {b}}_{c} + z^{\gamma }_{c} \Bigr ] \circ \mathcal {G}_{c}(\cdot ; \mu _c);\tilde {\hat {x}}_{M(c),q},\mu _c \Bigr ), \end {aligned}\end {equation}


$\widehat {r}\:'_{\wc }(v,w,z;\tilde {\hat {x}}_{\wc ,q},\mu _{\wc })$


$\wc \in \wcset $


$\widehat {r}_{\wc }(\cdot ,z;\tilde {\hat {x}}_{\wc ,q},\mu _c)$


$v$


$w$


$v,w \in \what {\mathcal {V}}_{h,\wc }$


$\mu \in \what {\mathcal {D}}_{\wc }$


$\wc \in \wcset $


\begin {equation}\nonumber \begin {aligned} \what {R}_{h,\wc }(v, w;\mu ) &= \sum _{q=1}^{Q_{\wc }} \wrho _{\wc ,q} \widehat {r}_{\wc } \Big ( v^{\mathrm {b}} + v^{\gamma } ,w^{\mathrm {b}} + w^{\gamma }; \widehat {x}_{\wc ,q},\mu \Big ). \end {aligned}\end {equation}


$v,w \in \what {\mathcal {V}}_{\rb ,\wc }$


$\mu \in \what {\mathcal {D}}_{\wc }$


$\wc \in \wcset $


\begin {equation}\nonumber \begin {aligned} \wtilde {\what {R}}_{\rb ,\wc }(v, w;\mu ) &= \sum _{q=1}^{\wtilde {Q}_{\wc }} \tilde {\hat {\rho }}_{\wc ,q} \widehat {r}_{\wc } \Big ( v^{\mathrm {b}} + v^{\gamma } ,w^{\mathrm {b}} + w^{\gamma }; \tilde {\hat {x}}_{\wc ,q},\mu \Big ). \end {aligned}\end {equation}
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changes in the domain topology can render a trained RB model inapplicable. Additionally, these methods are typically constrained
to problems with a small number of parameters, as the offline phase requires repeated high-fidelity simulations, which become pro-
hibitively expensive for large-scale problems. Consequently, the RB space constructed from a limited set of snapshots often lacks
sufficient expressiveness to generalize to unseen parameters, which ultimately limits the robustness and scalability of the approach.

To overcome these challenges, component-based RB methods have been developed [7,8]. These methods adopt a divide-and-conquer
strategy by decomposing the global domain into smaller, computationally manageable subdomains. During the offline phase, a library
of interoperable archetype components and their associated local RB spaces is constructed. In the online phase, copies of the archetype
components in the library are instantiated to match the specific topological configuration of the system, and a global RB model for
the entire system is assembled by coupling the preconstructed local reduced models. This approach eliminates the need to retrain for
each new system configuration and facilitates reduced-order modeling of large-scale problems by avoiding the costly generation of
global solution snapshots.

Component-based RB methods have been applied to both linear and nonlinear problems, although the majority of studies focus
on linear problems. The reduced basis element (RBE) method [8-10] combines domain decomposition with RB methods and uses
Lagrange multipliers to couple local reduced models in the online phase. The static condensation RBE method [11-13] decomposes
the degrees of freedom (DoFs) in each component into port (interface) and bubble (interior) DoFs. It employs static condensation [14]
to form a Schur complement system involving only port DoFs and applies RB approximations within each component to reduce
computational cost and accommodate parametric variations. A port-reduced variant of this method [15-17] further reduces the
size of the Schur complement system by approximating the solution on global ports through RB methods applied to port modes.
Hoang et al. [18] introduce a non-overlapping domain-decomposition least-squares Petrov-Galerkin method that weakly enforces
interface continuity between subdomains via compatibility constraints. Iollo et al. [19] develop a component-based model reduction
approach for parameterized nonlinear elliptic PDEs that employs overlapping subdomains and an optimization-based formulation to
minimize solution jumps across component interfaces. Smetana and Taddei [20] propose an overlapping multidomain RB method
that uses the partition-of-unity method. Diaz et al. [21] integrate nonlinear approximation spaces, generated via autoencoders, with
domain decomposition to address problems with slowly decaying Kolmogorov n-widths. In [22], we develop a hyperreduced RBE
(HRBE) method that applies an online adaptive scheme, informed by the Brezzi-Rappaz-Raviart (BRR) theorem [23,24], to select
the appropriate hyperreduction fidelity for each component that ensures the satisfaction of the user-prescribed system-level error
in the online phase. Finally, Chung et al. [25] devise a non-overlapping component-based RB method for linear problems using a
discontinuous Galerkin domain decomposition and a physics-constrained, data-driven strategy, which is later extended in [26] to
steady Navier-Stokes equations.

An important consideration in component-based RB methods is determining the appropriate dimension (i.e., fidelity) of local RB
models. Overly large local RB dimensions increase the computational cost and memory footprint of the online phase, while excessively
small dimensions compromise solution quality. The challenge is further compounded by the fact that, in component-based RB methods,
the specific systems into which the trained archetype components will be integrated are unknown during the training phase. In this
study, we extend our previous work [22] by introducing an online-adaptive HRBE method to address this challenge for nonlinear
problems. Additionally, we employ port reduction to further reduce the computational cost and memory requirements of the online
phase. To ensure that the user-prescribed system-level error tolerance is met, we propose a refinement strategy that adaptively refines
the RB fidelity for individual components and ports during the online phase. This strategy is based on a hierarchical error estimation
framework [27], wherein two approximate solutions with different RB space fidelities are computed and compared at each refinement
step. Specifically, a coarser solution is first computed, and its error is estimated by comparing it against a refined solution obtained
with an enriched RB space. The refinement process proceeds iteratively until the prescribed accuracy threshold is satisfied. In the
component-based setting, we locally increase RB fidelities only where necessary to maintain computational efficiency.

Our adaptive refinement strategy shares similarities with the algorithms introduced in [20,28,29] but differs in several key aspects.
In [28,29], the accuracy of local approximation spaces is improved during the online phase by enriching them with local truth snapshot
solutions. In [20], local RB spaces are enriched during the offline phase using global reduced solves and a local residual-based
error indicator; however, the algorithm in [20] relies on computing the dual norm of local truth residuals and does not incorporate
hyperreduction. Our approach, in contrast, avoids any dependence on truth quantities during the online phase and further addresses
the implications of adaptivity in component-wise hyperreduction training during the offline phase.

The contributions of the present work are sixfold:

1. We develop an online-adaptive HRBE method that enables model order reduction of parameterized, component-based nonlinear
systems. In the offline phase, the method constructs a library of multi-fidelity hyperreduced components. In the online phase,
the method adaptively selects the appropriate fidelity of components and ports in the system to ensure that the user-prescribed
system-level error tolerance is met efficiently.

2. We devise a port reduction strategy to obtain compact modal representations of solutions at component interfaces, which leads
to additional computational savings and reduced memory requirements during the online phase.

3. We appeal to the BRR theorem to develop a hyperreduction-fidelity selection mechanism for the component-wise hyperreduction
procedure introduced in [22].

4. We introduce an online-efficient, hierarchical error estimation framework to compute the system-level error estimate and
component-wise error indicators during the online phase.

5. We develop an adaptive refinement algorithm informed by the component-wise error indicators to selectively enrich the RB and
hyperreduction fidelities of components and ports during the online phase.

2
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6. We demonstrate the effectiveness of the proposed online-adaptive HRBE method on a family of nonlinear thermal fin systems with
up to 225 instantiated components and 68 independent parameters.

The remainder of the paper is organized as follows. Section 2 introduces the model problem and defines the notions of components,
ports, and system. Section 3 presents the port-reduced HRBE method, where we apply the bubble—port decomposition of functions and
derive the truth, RB, and HRBE problems in terms of bubble and port solutions. Section 4 describes the adaptive HRBE method, which
uses a library of multi-fidelity hyperreduced components and a hierarchical error estimator. Section 5 details the component-wise
offline training procedures. Section 6 presents numerical experiments that demonstrate the effectiveness of the proposed online-
adaptive HRBE method. Finally, Section 7 concludes the paper.

2. Model problem

In this section, we present the general form of the considered model problem. To maintain consistency, we adopt the notation
introduced in our earlier work [22], with slight modifications to incorporate port-reduction.

2.1. Components, ports, and system

We begin by introducing the entities associated with archetype components and ports. We define a library of ﬁcomp archetype

components and N . archetype ports'. We introduce C and P as the set of archetype components and ports in the library, respec-

por
tively. For each archetype component ¢ € C, we introduce ﬁ; CRY, aég CRY, D, c R", and fi, € D; as, respectively, its bounded
d-dimensional reference spatial domain, its Lipschitz-continuous boundary, its bounded n;-dimensional parameter domain, and n,-
tuple specifying its reference parameter values. The parameter domain ﬁg may include both geometric and non-geometric parameters.
Geometric parameters describe variations in the component’s shape, while non-geometric parameters account for attributes that do
not affect the shape, such as material properties or traction in elasticity applications.

Each archetype component ¢ € € has n; disjoint local ports, created from the reference archetype ports in P through a geometric

mapping. We introduce fﬁ c R4 and 72 » C R¢ as, respectively, the domain of 5 € P and peEP={1,. n;}. We further introduce

Ry, - Iﬁmp) -7z » as the invertible, geometric-parameter-independent mapping between ’}?ap and T such that 7, »=Re, p(lA“

cp Tew)
where 7; : P, - Pisa map from the local ports of ¢ to their corresponding (exactly one) archetype port in P. We assume the
boundary of all components is Lipschitz-continuous and all ports of an archetype component are mutually separated by a non-port
boundary surface. Fig. 1b shows three archetype components whose ports are mapped from the archetype ports in Fig. 1a.

We next introduce the entities associated with instantiated components. We define C as a set of N, instantiated components
that create a system. Each instantiated component is generated from an archetype component in the library through a (parame-
terized) geometric mapping. We introduce M : C — Casa map from the instantiated components to their corresponding (exactly
one) archetype component in the library. We further define Q, c R? and y, € D, = D M as the physical domain of the instantiated
component ¢ € C and its parameter tuple, respectlvely The parameterized geometrlc mappings between archetype and instantiated
component domains are denoted by G, o) M) X D, = Q. such that Q. =G, (Q M()s Ho)- The physical domain of the p-th local port
of ¢, where p € Py, is given by 7, , = gc(yM(c).p’ He) = QC(RM(C),p(r”M(C)(p))’ He)-

The components in the system are connected through their local ports, which results in Ny global ports. We denote the set of
global ports by P = {1, ..., Ny, }. Geometric mappings ensure that the ports conform to one another. Each global port is assumed to
be shared by at most two instantiated components. A local port on the system boundary also forms a global port. Essential boundary
conditions at the system level are applied to these boundary global ports. Fig. 1c illustrates an example of a system composed of four
components and six global ports.

() ),

2.2. Exact problem formulation

We begin by introducing the function spaces associated with archetype and instantiated components. For each archetype compo-
nent ¢ € C, we define a Hilbert space f?g CH l(ﬁg), equipped with an inner product (-, )3 and the induced norm || - [ = /(. )5,

equivalent to the H l(ﬁ;) norm. For each instantiated component ¢ € C, we introduce the geometric-parameter-dependent space

V. = {U = 500;10; u) D€ f?M(C) }, along with its inner product and induced norm (., Iy, and || - lly, Gy, respectively.

We present the exact nonlinear model problem in its weak form as follows: given u = (y,).ec € D = [[.ec D., find u(u) € V such
that

R(u(p).v:p) = D R, (

ceC

‘Q,m):o vue v, 1)

! Throughout this document, the notation ~ refers to quantities associated with or defined over the archetype (as opposed to instantiated) compo-
nents and ports.
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(a) Archetype ports. (b) Archetype components. (c) Assembled system.

Fig. 1. (a) Archetype ports, (b) archetype components with ports mapped from the archetype ports in (a), and (c) a system with four instantiated
components and six global ports.

where V = {u € HY(Q) : vlr, = 0} and is endowed with the H'(Q) norm || [ly = /X.ec |l - ”%%’ R, : V., xV,xD,— R is the

physical-domain residual form of the instantiated component ¢ € C, Q is the system’s physical domain such that Q = U,Q,, and T},
is its Dirichlet boundary, which is assumed non-empty.? The residual form R, (-, ;) takes on the form

R.(w,v;p) = / r.(w,v;x, u) dx Yw,veV,, VueD,, 2
Q.
where r, : V, XV, x Q. x D, — R is the physical-domain integrand, which is linear in its second argument but, in general, nonlinear
in its first argument; for example, for the nonlinear heat equation considered in Section 6, the integrand is given by r (w, v; x, u) =
Vv - k(w)Vw — vf(u) for some nonlinear diffusion coefficient k(w) and heat source f(u). We assume that the exact problem (1) is
well-posed Vu € D.
To facilitate the treatment of geometric parameters, we express the system-level residual in terms of the reference domain of the
components as

R(w, v; p) = Z ﬁM(c)<w|Q 0G.(+; He) U o 095(';ﬂc);llc) VYw,v €V, Vu € D.
cec < c
Here, I/Q\CA : 93 X f?; X 135 — R is the reference-domain residual of the archetype component ¢ € C given by
ﬁg(w, vy ) = / Fo(w, v, X, u) dx Yw,v € ]/7\5, Yu e 135,
Q
where 7 : Vp x V5 x ﬁg x Dy — R is the reference-domain integrand. For each ¢ € C, the physical-domain integrand r,(-, -; -, -) satisfies
1, 03%, 1) = Pag o) (W0G, (5 1), v9G, (5 1): G (63 i) ) det( T (G (x: ae )i )™

forall w,v € V,, x € Q,, and y, € D,, where J,(-; p1,) : Op — R is the Jacobian of G, (-; i,).
3. Port-reduced HRBE method

In this section, we present a port-reduced HRBE method to accurately approximate the truth solution while significantly reducing
computational cost. Computational efficiency is achieved through the application of (i) RB approximations to the bubble and port
spaces of the components and (ii) component-wise hyperreduction. To this end, we first introduce the bubble—port decomposition of
functions and formulate the truth problem in terms of bubble and port functions. We then present the port-reduced HRBE method.

2 To streamline the presentation, we assume homogeneous Dirichlet boundary conditions; problems involving nonhomogeneous boundary condi-
tions can be handled with minor modifications.
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3.1. Bubble—port decomposition of functions
We follow the decomposition approach introduced in [11]. We begin by defining approximation spaces for archetype ports. For
each p € P, we introduce a Hilbert space X;CcH 1 (fﬁ) endowed with an inner product (-,-) 3 and the induced norm || - [|3 =, /)5,
P P 1
equivalent to the H' (fﬁ) norm. For this port, we introduce an W;-dimensional FE space 2?,,,5 « 2?1; constructed by tessellating fﬁ with

. . ~ . ~ Np . . . . . .
nonoverlapping, conforming elements. For each p, we introduce {7;;}, | as the eigenbasis associated with an eigenproblem: find

1
eigenpairs (75 )€ z’\,’h s XR,i=1,..., N5, such that

P” P’

[ Ve Vids = A, / 2 Pds Voe Rys
rs £

=1 . =
” ”””L%rﬁ)
Next, we define approximation spaces associated with archetype components. For each ¢ € C, we introduce an A ;’-dimensional

bubble FE space ]A?EWCA = {v €Vt v 5

op

=0Vpe Pg}, where 13,1,5 c 135 is an N3-dimensional FE space formed via a tessellation
of ﬁg into nonoverlapping, conforming elements. Additionally, for each p € P, we introduce an W, fa -dirnensional port FE space

P?ﬁf = {y = ﬁoRc: Ih:dve A?hy,,f } with the basis {Tc TRz 1( D} “(”’ . We elliptically lift these basis functions to the interior

of ¢ to obtain {#, € Vhe b ‘(”) such that

~P o {5b
/ﬁA Vwa’_ -Vodx =0 Vvevhf,

~p _~p =
Vo = T?,f on vep
y’;gl_ =0 on ?g_,,r VP, # D,

Ny “p ~
for all p € P; and define v” = span{y _} ¢ We note that the approximation spaces satisfy vh |A = Vh I3, V? e€CandVpe P,
We can now present the bubble—port decomposmon of functions defined on each instantiated component c e C. We introduce FE

spaces for (full) component, component bubble, port modes, lifted port modes, and their collection:

Vhe = {U = Eogc“(~;/4€) 1 De 1/7\,,,M(c)} cV.,

-
i

PN
. {U:uogc GV vthM(C) C Ve

p — Do (.-
Xh,c {u_uogc [CYR I UGXhM(c)} Vp € Pre)s

Y I =
vh,c = {v =0oG (5 4,) e Vh M@ Vp € Paye)s
) A— 4
vh,c = UPEPM(L') vh,c'
Therefore, any v, . € V,, . can be written as
— b vy _ b P
Upe = Upe + 0, =Up + Z V) oo 3
PEPM ()

where u'jl . € VEC and ”2 . € v; . are, respectively, the bubble and port parts of v, ..

3.2. Truth problem formulation

We now formulate the truth problem in terms of bubble and port functions. We define (X; ;. 7z, q)qgjl v € C as the truth quadrature

rule in the reference domain ﬁA of each archetype component ¢ € C. The truth problem is the following: given u = (u,).ec € D, find
{uh () € VP Jeec and {u], (4) € V} }.ec such that, for all {1} € V) Jeec and {0} € V] Jeecs

hc hc
Om(e)
Ry (up(p), vy w) = Z Z pM(()q"M(c)(I: hL(M)+uhC(M)]°Q (xM(c)q’M() [ Uhe +Uhc]°g (XM(Q,FHC) XM(L)‘,,MC> =0, ©)]
ceC g=1

so that the system-level truth solution u,(u) € V), is given by

un() = Y, [uh )+, ) = Z[uhC(MH > w)-

ceC PEPM ()

Here, V), = (@,cc Vi) NV is the N} -dimensional system-level truth FE space, where the intersection with V enforces the Dirichlet
boundary conditions and continuity at the global ports. Similar to the exact problem in (1), we assume that the truth problem is
well-posed Vi € D. As mentioned earlier, we assume the connected local ports at the system level are conformal. Thus, for the p-th
global port, p € P, shared by the I-th port of ¢ € C and the I’-th port of ¢’ € C, we have X,’M = é\,’;;c, and uy, () v = uh,cl(y)’

Yel 1t
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3.3. Port-reduced RB and HRBE problem formulations

We begin by introducing the bubble and port RB spaces. We assume that V¢ € C and Vp € P, the parametric manifold spanned
by their respective truth solutions due to solving (4) for all 4 € D are amenable to accurate approximation by a low-dimensional
linear space. For each p € P, we introduce an N; < Nj;-dimensional RB space X5 C X}, ;. We further introduce, for each ¢ € C,

b
b b_di : Sb b : o b o N5 2 Ne :
an N2 < N? -dimensional RB space vrhf « Vn,?‘ We denote the basis of X, ; and Vrb,? by (%}, and & respectively. The
h

computational procedures for constructing these RB spaces are discussed in Section 5; for now, we assume {7 Z5ilt; _ﬁ and {§A ; }_ are
given. Subsequently, for all p € P;, we introduce the N —dlmensmnal port RB space erba = {u = ”°Rc: ():0De Xrb’”?(ﬁ)} « X” °
N,, N,,A

spanned by {7’ ;(A, = )(,[A(p),oR OV ‘“’) . We also introduce {6” €V, I ” yp € P, obtained through elliptically lifting { 77 2 w
such that

/ VP -VudR=0 YoeP®

. c,i rb,c

AP _ 2P oo

0% =Xz O0Yep

02,=0 onfs, VP #p, (5)

N ~ Ney) A . . . ~ N N

and define Vr”b o= span{é)gl_ }l_:l"(" ). Finally, for any ¢ € C, we introduce the N -dimensional RB space V, ; = Vrbb 2V (U pepgv:’b ?), where
_ Nb

Nzr = N? + ZpeP; Nﬂf(ﬂ) < Ng.
We now define the RB spaces for the instantiated components. For each ¢ € C, we introduce

Vrbbyc {v_vog (s )t veVle(c)}CVhC,

14 el TR . P
v = {v = oG] (i) s DEVE )} CV!, VD€ Py, ©
4 — 4 v
vrb = UPEPM(‘)vrb,c < vh,c’
b
Vibe = Vrb‘ U Vy C V-

— b b b ¥
Hence, any v, . € Vy, . can be expressed as vy, . = v e T ”rb , where v e € Vibe and v/ e € VrbL.

We now formulate the port-reduced RB problem: given u = (4,).cc € D, find {u® e (w) €V },.ec and {u b (n) € rbc}CEC such

rbc
that, for all {v LEVE Jeecand (v, €V e

rb,c
OmM()
Ry gy (). Uy 1) = PMra T (1) + 1y ()] 0CeRate).g3 Ho: | Ui + Ul e [00e Bacer g He): % =0, (7
AUy (M), Urps H pM(c),q M(c) rbc H thie H c M(c),q’/"c > [ Yrbie rb,c c M(c),q’”c ’ M(c),q’”c ’
ceC g=1

so that the system-level RB solution u,(1) € Vy, is given by uy, (1) = Y.cc [ulrjb,c(”) + ul}'/bAC(ﬂ):I; here, V,, = (Boec Vive) NV is the Ny -
dimensional system-level RB space. We assume that the port-reduced RB problem is well-posed Vu € D.

We now present the port-reduced HRBE problem formulation. An essential component in formulating the problem is hyperreduc-
tion. To this end, we employ the EQP [30,31], and more specifically its component-wise variant [22]. Through the component-wise
EQP, a sparse subset of reduced quadrature (RQ) points with re-weighted quadrature weights is found such that the integrals in
the component residual forms are approximated to a prescribed accuracy. For each archetype component ¢ e C, we introduce the

residual RQ rule (Xc n pC q) C (Xc g Pe q)Q_l, where éA < Q;. (More details on the component-wise EQP are provided in Section 5;

for now, we assume (X, g b q) for any ¢ € Cis given.) We now present the port-reduced HRBE problem: given u = (u.).cc € D,
find {Nb (we vbﬁ}cec and (i, (1) € V], }cec such that, for all {vh, . €V Jeec and {0, Toc € Vipeleeos

rb,c
Ome)
Ry iy (1), O3 1) = p 7 W+, (w|oG.(% TN D A EYoN € M) X =0, (8
b Urb (M), Urbs H PM(c).qg "M (c) rbc” b, ‘)| OFe XM (0).q7 He)> | Vrb e T Vrp e | e P Me).g He)s X Me).q0 He g
ceC g=1

so that the system-level HRBE solution #,(1) € Vy, is given by (1) = X .o |4 [ rb.c (M) + urb (M)]
4. Online-adaptive refinement through hierarchical error estimation

Thus far, we have assumed that each archetype component in the library has a single RB space. As discussed in the introduction,
a key challenge in component-based RB methods is determining the optimal fidelity (i.e., dimension) of each component/local RB
model to achieve the desired system-level/global solution accuracy during the online phase. To address this challenge, we now as-
sume that each archetype component has a set of RB spaces with varying fidelities and introduce a strategy to adaptively determine
the appropriate fidelity of the local RB models for the instantiated components in the system so that the HRBE solution satisfies a pre-
scribed error tolerance relative to the truth solution for the minimal computational cost. The proposed strategy follows a hierarchical

6
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error estimation framework, where solution accuracy is adaptively improved by selectively increasing the fidelities of the bubble and
port RB spaces of the instantiated components.

4.1. Multi-fidelity components, ports, and system

We begin by introducing hierarchical RB spaces for the archetype ports. We recall the N;-dimensional archetype port RB space 2/(\”, 5

vp € P, introduced in Section 3.3. We refer to these as the finest (i.e., the highest fidelity) RB spaces for the archetype ports. For each
Nl'dl ~
archetype port p, we introduce N;d‘ hierarchical RB spaces Xl by C 0 C X .5 Such that Xf = span{}’ )(p, I feql, N fdiy |

where N < - < N; yia = Np; ie., we simply select a subset of the RB for the finest space to construct a coarse space We descrlbe

P

the procedure for constructing the finest space that induces this hierarchical structure in Section 5.1.

We now introduce hierarchical RB spaces for the bubble RB space of the archetype components in an analogous manner. For
each archetype component ¢ € C, we recall the Nl}-dimensional bubble RB space Vr"b . introduced in Section 3.3, and refer to it as

’ N PUNCUN
the finest bubble RB space for ¢. For each ¢, we introduce N Cfil hierarchical bubble RB spaces 17:’1;13 cCV, 6“"’ = Vrbbf such that
NP

’; = span{ EE el Nfdl }, where Nﬁ’ “<N be a = N2 ie., analogously to the port spaces, we simply select a subset
of the RB for the finest space to construct a coarse space. We descrlbe the procedure for constructing the finest space that induces
this hierarchical structure in Section 5.1.

. o ApWJJl‘
Subsequently, for each archetype component ¢ € C, we introduce hierarchical port-lifted RB spaces v" ’IA cCcV, » = Vr’; o
Vp € P, such that ﬁ:’l;f = span{b?i7 ; 3 ’; (p)’f, fe{l,...,N fdi )} Additionally, for each ¢, we introduce {V A}feﬂ asa famlly of multi-

indexed RB spaces formed by employing one of the hierarchical bubble RB spaces and 1ndependently employing a combination
of hierarchical port-lifted RB spaces across the component’s ports. The index set 7, consists of all (1 + ng)-tuples f = (fo. (fp)pers)s

where f, € {1,...,N f‘”} and f, € {1,...,N'¥ '} denote the fidelity level of the incorporated bubble and port p’s lifted RB spaces,

7(p)
respectively. We denote N1*' = =N fdi H N'd " as the total cardinality of F;. Therefore, the previously introduced RB space ¥, ; =
(Nfd] (N!dl

PEP: T +(p)
2(p)

)pery)
""¢" serves as the finest RB space for ¢, whereas the coarsest (i.e., the lowest fidelity) RB space for ¢ is V(l -V, Each Vf

ch

rb,¢
is associated with a RQ rule (xA ,ﬁfA ) C (%2 n Pe q) fl, obtained through the component-wise EQP outlined in Section 5.2.

For each instantiated component c e C, we deﬁne hierarchical RB spaces for their bubble and port spaces as

A A SbS fdl
W = {u oG () : De vrva(C)} Fe(l NS,
Pf — — BoC-1¢.- . a e PpS fdl
vl = (o=t (sp) s DV b S E UL NI ) VD€ Py
Additionally, for each ¢ € C, we introduce the set of N ﬁl( , multi-indexed RB spaces Vrfbvc = {v =0oG ()t D€ Vrb M }, f € Prror-

Subsequently, the system’s finest RB space, denoted by Vrft""“‘, is constructed by assembling the finest RB spaces of all the instantiated
components, whereas the coarsest RB space, denoted by Vrcg"““e“ c Vrfé“e”, is formed by assembling the coarsest RB spaces of all the
instantiated components.

4.2. Hierarchical error estimation

We now introduce a hierarchical error estimator to approximate the system-level error in the HRBE solution relative to the
truth solution and identify the components that require higher fidelity RB spaces to improve the solution accuracy. For any ¢ € C,

we introduce F; = F5 \ {(ch‘lil, (Nf[‘f(' Dper)ls i.e., a set of all multi-indexed fidelities except the finest. We assume at the k-th adap-

tive refinement iteration, V" = (@zEC rl‘”) NV denotes the intermediate RB space for the system, where f, = (f, . (/. cp)pePye) €

Frre) and gt ¢ Vr“b c Vrfl‘)“e“. At this iteration, we introduce the refined system-level RB space Vrkk: = (@cec vrbc) NV, where

=t +1=(frp+1,(f,+ Dpepyye) Ve € C s0 that all bubble and port fidelities are incremented by one. We now introduce the fol-
lowing proposition, which formulates a system-level error estimator by extending the hierarchical error estimator proposed in [27]
to component-based systems.

Proposition 1. For a given u € D, at the k-th adaptive refinement iteration, let i, (1) € Vr’jj and E”rb () € Vr"b/ be the HRBE solutions obtained

by solving (8) using the RB spaces V,, = Vr"b and V,, = vrkb’, respectively. We introduce non-negative constants ;¢ for each ¢ € Candf e Fs
such that

N, =0, 1y, < Mg, Nan@o], =T, Il ©)
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Since V[f‘b C Vr"h/ , we assume that E; o () provides a more accurate approximation of the truth solution u, (1) € V), than u,,(u). Accordingly, we
assume 0 < npp < 1 forall ¢ e Candf e F». The system-level error can then be estimated as

(10 =G0l < 3, T 00, =0, Iy, (10)

ceC M(c)f

Proof. Under the assumption that 0 <5y < 1 Ve € C and Vf € 7, for any ¢ € C, we have
~ ~ ~ ~ ~
(U =yl =T, Iy, < Ty, =Tl v, = Nenol, =T00], Iy, < NG|, =, v, aD

where the first inequality follows from subtracting ||uh(;4)|Q - ﬂrb(y)|Q ”Vc from both sides of (9) and multiplying by —1, and the

second inequality follows from the triangular inequality. Therefore, incorporating (11) leads to

~ ~ 1 ~
() =T @olly < 3 Nay0], =T 0|, Iy, < Y, T I, 0, = Ten(, Iy
ceC ¢ ¢ ceC M)k, ¢ ¢

where the first inequality follows from the triangular inequality. O

We refer to n;; V¢ € C and Vf € F; in Proposition 1 as the error contraction factors. The error contraction factor nz¢ for ¢ quantifies
the relative reduction in its HRBE solution error when its RB space is refined from Vrfb . to Vrfl: o where f’ = f + 1. Smaller values of
1z¢ indicate a more significant improvement in accuracy due to refinement, whereas values closer to one suggest diminishing returns
from further enrichment. The computational procedure for determining error contraction factors during the offline phase is described
in Section 5.3; for now, we assume the error contraction factors are known.

In addition to the (global) error estimate for the assembled system, Proposition 1 provides component-wise local error indicators
that inform the adaptive refinement of the bubble and port-lifted RB spaces for individual components within the system. At each
refinement iteration, by evaluating the error between the current HRBE solution and its refined counterpart, we can estimate the error
in the former and identify components that contribute most significantly to the system-level error. This localized error information
guides the refinement process by prioritizing the components that require further enrichment. This process is analogous to adaptive
finite element methods guided by element-wise error indicators.

4.3. Adaptive refinement strategy

We now present a strategy for adaptively refining the component RB spaces during the online phase to obtain an HRBE solution
that satisfies the prescribed solution error relative to the truth solution. The algorithm begins with the coarsest possible RB space,
where each component is initialized with its lowest-fidelity bubble and port-lifted RB spaces, i.e., f. = (f. . (.. p)pEpM(c)) =(,...,1)
Ve € C. The refinement process is guided by a system-level error estimator based on Proposition 1, which quantifies the contribution
of each component to the overall solution error.

At the k-th iteration, the current HRBE solution #y(u) € Vr’L is computed by solving the HRBE problem (8) using Vg =

Vr"b = (@cec v:‘f"c) NV, f. € Fyyy. To estimate the relative error in this solution, the algorithm constructs the refined RB space

!
Vr"b/ = (@cec Vrf;c) NV, where f/ =f, +1 Vc € C. The refined HRBE solution ﬁ;b(ﬂ) € Vr"b/ is then computed using V,;, = Vr"b/ in (8).

The system-level error estimate £ is computed using (10), the error contraction factors MM, and ||i;1/'b(”)‘g —E,b(ﬂ)|g ”Vc

Ve € C. As in the case study presented in Section 6, we may approximate the relative error in the current HRBE solution by
&g/ ||’1Z; LWy, where ||’1Z;b(;4)||v is used in place of |lu,(u)|ly. These two quantities are expected to converge as the refinement
proceeds.

If the estimated error satisfies the prescribed tolerance, the procedure terminates and the current HRBE solution is returned. Oth-
erwise, the algorithm identifies the subset of components that contribute most significantly to the error. Specifically, the components
are ranked based on their local error contributions, and the top A% are selected for refinement. For each selected component, the
bubble and port-lifted RB spaces are increased in fidelity by one level, provided they have not yet reached their allowable finest RB
space. The refinement process continues for a maximum of N, iterations or until convergence is achieved. Algorithm 1 summarizes
the described adaptive refinement strategy.

Remark 1. In the hierarchical error estimation framework adopted here, the error in the current RB solution is estimated by com-
paring it against a solution computed with higher-fidelity bubble and port-lifted RB spaces for all components. As a result, for all
components, we reserve the finest available bubble and port-lifted RB spaces to serve as the comparison space during refinement.
Therefore, during refinement, the allowable fidelity level of the bubble and port-lifted RB spaces Vc € C and Vp € Py, is effectively
N ;/‘,‘tc)vb —1and th‘:;(c) (» — 1 respectively. This restriction ensures that finer bubble and port-lifted RB spaces always exist to enable
error estimation.

4.4. Computational cost and memory requirement

We first compare the computational cost of solving the truth problem with that of solving the HRBE problem using the adap-
tive refinement strategy in Algorithm 1. We use Newton’s method to solve (4) and (8). Each Newton step for solving (4) in-

8
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Algorithm 1: Adaptive refinement of component RB spaces during the online phase to find an HRBE solution that satisfies
the prescribed accuracy.

Input: System-level parameter y € D; desired HRBE solution error ¢ > 0; maximum number of refinement iterations N, ;
percentage of components to refine per iteration A
Output: If converged, an HRBE solution #(¢) that satisfies [|u;, (1) — Uy, (p)llyy < €
1 Initialize system-level error estimate: £ = oo;
2 Initialize refinement iteration counter: k = 0;
3 Initialize the current fidelity levels: f, = (f, . (fcyp)pepM(C)) =(,...,1) Ve € C;
4 Initialize Cy, =@ // Subset of components selected for refinement
5 while k < N,; do
// Solve the HRBE problem with current RB spaces

6 Solve the HRBE problem (8) using V,, = Vr"h = (@cec v ) NV to obtain u () € V. rb,

// Check if further refinement is possible

; fdl fdl
7 if f., = Nitop ~1VeeC and f. , = N”M< o~ LD E Py then
8 ‘ break;

9 end

// Solve the refined HRBE problem
10 f/=f +1Vece(

11 Solve the HRBE problem using V,, = Vr"b' = (69 Jo v ) NV to obtain &’ u (WeV rb,

// Estimate the system-level error

12 Compute component-wise errors £, = ||ﬁ/ (;4)‘ - E,b(ﬂ)|g by, /(1 = Hpgerg,) Ve € Cs

13 Compute the system-level error estimate £ = ZCEC

14 if £ < e then

15 ‘ break;

16 end
// Select components for refinement

17 Sort &, Ve € C in descending order;

18 Identify the top A% of components with the highest local errors for refinement to form Cg,;, C C;
// Refine the RB spaces

19 f, < (min(f,, + 1,N§j‘@’b - 1), (min(f, , + 1, N;ﬁ;( 0~ Woerye) Yo € Cun

20 k< k+1;

21 end

volves O(Q), = ¥ .cc Om() Operations to evaluate the truth residual and Jacobian. It also requires solving a sparse linear system
of equations, which entails O(N ) operations, where 1 <n <2 depends on the domain dimension and the choice of solver. On
the other hand, the k-th adaptive refinement iteration involves solving the HRBE problem (8) using the current RB space Vr"b and
the refined RB space Vfb/. In each Newton step, evaluating the residual and Jacobian using Vr"b requires O} ¢ Ni kawcA,k) < OQp),
where N, denotes the size of the current RB space for component ¢, and éc,k denotes the number of RQ points for component
¢ at this iteration. Evaluating the residual and Jacobian using Vr"b/ proceeds similarly. Additionally, solving the linear system at
each Newton step using Vr’jj and vfb’ requires O([dim(vr’;)]’") < O([dim(vr"l;)]’") < ON ) operations, where 1 <m <3 depends on
the domain dimension, number of components, and the choice of solver. Specifically, 1 <m <2 when the number of components
Neomp 18 large and thus the Jacobian is component-block-wise sparse; in the extreme case where N, =1 and the Jacobian is
dense, m = 3. The remaining operations in Algorithm 1 incur negligible computational cost compared to solving the two HRBE
problems.

We now comment on the memory requirements. The memory footprint of the truth problem (4), dominated by the storage of the
truth Jacobian, is O(Af ,:’), where n =1 if an iterative linear solver is used at each Newton step, and n = 4/3 in the worst case for
d =3 for storing the factorization using a sparse direct solver. For the online phase, the following data must be loaded into memory

for each archetype component ¢ € C: (i) the error contraction factor nag VE € F; (ii) the RQ weights {ﬁﬁ }Qf'f VE = (fo. (fp)per,) € Fe

Ozt

(iii) the value of the bubble basis functions {.;‘A,}.= f ® and port-lifted ba51s functions {0" } ‘(”) e Vp € P at the RQ points {Xf }q=1

vf € F,, and (iv) the gradients of the bubble basis functions {VE,A_},: o and port-lifted basis functions {VH” 1 l‘“’) e Vp € P;, also

9
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evaluated at the RQ points {fcgq }qu]f vf € F. Therefore, the total memory footprint for loading the library data is

Myp=Y <(N§dl -n+ Y éaf<1 +N, +p;¢Nﬂamvfp)(d + 1))).

ceC ferz

Additionally, the storage of the system-level HRBE residual and Jacobian at the k-th refinement iteration requires O(} . ch o)
memory, where N, denotes the size of the refined RB space for component ¢ at this iteration. The total memory footprint of the

online phase is thus (9<M“b FMAXpr (1, Ny} Deec Nik, ), which is independent of N V¢ € C, N;Vpe P, and 0; Ve e C.

5. Component-wise offline training

In this section, we describe the computational procedures required in the offline phase to support the adaptive refinement strategy
introduced in Section 4. We begin by outlining the construction of the RB spaces with varying fidelities for the archetype components
and ports. We then describe the component-wise EQP for determining the RQ rules associated with each RB space fidelity. Finally,
we present a methodology for estimating the error contraction factors.

5.1. Component-wise RB construction

We first introduce a routine for generating truth snapshot solutions for the archetype components and ports in the library. We
follow the procedure introduced in [22], which belongs to the family of subsystem-based training procedures for component-based
systems, such as the pairwise training procedure for port modes in [15,16]. We note that the method in [22] for nonlinear systems
employs larger subsystems than those used in linear-system settings, since the training set needs to cover not only relevant solution

shapes/modes but also representative solution magnitudes.
N!.\rain

For each archetype component ¢ € C, we define a parameter training set E‘cj"“" ={ ﬂg:‘" eD;} °©

L » Where Nci”’i" denotes the

number of training parameter samples. For each ¢ € C, we generate Ngmple Sample subsystems by connecting it to other randomly
selected components from the library via its ng local ports. The probability of establishing a connection through each local port is
given by v. We assign random parameter values to each component in the assembled subsystems from their corresponding parameter
training sets and apply independent random constant Dirichlet boundary conditions, with uniform density, to all boundary global
ports. We then solve the truth problem (4) for the subsystems and extract the truth solutions on ¢. The extracted solutions are added

to the truth snapshot set U;lrgi“ associated with component ¢.

Remark 2. By imposing Dirichlet boundary conditions at the boundary global ports of the sample subsystems, rather than directly
at the local ports of the target archetype component ¢, we induce nontrivial boundary traces at the local ports of ¢. This leads to
snapshot data that more realistically reflects the conditions the component may encounter when assembled into larger systems during
the online stage. As with any offline training strategy, there is no formal guarantee that the resulting snapshots span all possible online
scenarios; however, by constructing a sufficiently diverse collection of sample subsystems, the proposed strategy mitigates this risk
in practice.

We then decompose the extracted solutions into their bubble and port parts as in (3). The bubble parts are mapped to the reference
domain and added to the bubble snapshot set of the corresponding archetype component. Similarly, the port parts are mapped and
added to the snapshot sets of their corresponding archetype ports. We introduce U ;?“‘b vé e C and U;‘;i" Vp € P as the snapshot sets
for the archetype components’ bubble and archetype ports, respectively. ’

Once the snapshot sets are formed, we construct hierarchical RB spaces using proper orthogonal decomposition (POD) witglvarying

levels of accuracy. For each archetype component ¢ € C, we apply POD to U:gi“’b with decreasing tolerances 5£l pod > 7> 56;:‘(1 to find

ap g NI N .

hierarchical bubble RB spaces {V:’l;fg} f;‘l’ Similarly, for each archetype port p € P, we apply POD to U;!‘;‘“ with decreasing tolerances
Nid ~p NI ~

éil)\po > 5,7 I’)’o gt find hierarchical RB spaces {er;ﬁ} fi , - Subsequently, for each ¢ € C, we construct a hierarchy of port-lifted

fdl

RB spaces {ﬁfk’)’;} /.2“’) for each port p € P; by elliptically lifting the port RB spaces using (5). Finally, we assemble the bubble and

port-lifted RB spaces to obtain the component RB spaces {]AFrfb lters @S previously introduced in Section 4.1.

5.2. Component-wise hyperreduction

We employ the component-wise EQP [22] to construct the RQ rules for each archetype component; see [22] for a detailed
description of the method. The EQP includes an accuracy hyperparameter for each archetype component ¢ € ¢, which controls
the accuracy of the component residual and Jacobian integrals computed with the RQ rule relative to their computation with
the truth quadrature rule. In [22], we propose an offline training procedure that performs hyperreduction at multiple accuracy

10
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Algorithm 2: Generating snapshot solutions for component-wise training.

Input: Number of sample subsystems N, probability of port connection 0 < v <1

sample;
Output: Snapshot sets U;"" and U ;;‘“’b V¢ e C and U;l';i“ VpeP

1 Initialize U;,r'cii“ « @ and U;‘?"’b ~ @gVee

2 Initialize U;l’;i“ ~@gVpeP;

3 foreach ¢ e C do

4 forn=1,..., Ngpye do
// Assemble a sample subsystem Cy, for ¢
5 Initialize Cyy, < {¢};
6 foreach p € P; do
7 With probability v, connect port p of ¢ to another randomly selected component in the library;
8 Add the selected component to Cg,;
9 end
// Assign parameters and boundary conditions
10 Assign y, ~ Uniform(D,) to each ¢ € Cyy;
1 Apply random constant Dirichlet boundary conditions to all boundary global ports;
// Solve the subsystem and extract the solution for ¢
12 Solve the truth problem (4) on Cg,;
13 Extract the truth solution ;™ on component ¢ that is instantiated from ¢;
14 Set u;!'}m = U "oG, (s 4, );
train train train y.
15 Uh’2 - Uh,E U {uh’? I8
. train _ ,trainb train,p,
16 Decompose: uyd" = uy "+ X ep s
// Map and store the bubble part
train,b _  train,b . .
17 Set Upn = U oG (s ue);
train,b train train,by .
18 Uh,? “« Uhf U {uhf IN
// Map and store the port parts
19 foreach p € P; do
train,p _ train,p . .
20 Set Upo " =y oG, (-3 p,);
—train,p __ train,p ()
21 Set o = %FoRc,p( );
train train ~train,py,
22 Uh,ﬂ;,(p) < Uh,ﬂ[,(p) u {uh,? E
23 end
24 end
25 end

levels for all components. During the online phase, the appropriate hyperreduction accuracy and the corresponding RQ rule are
selected adaptively to ensure that the HRBE solution satisfies a user-prescribed system-level error tolerance relative to the RB
solution.

In this work, however, our goal is to control the error between the HRBE and truth solutions, which comprises both the RB
approximation error and the hyperreduction error. Since beyond a certain hyperreduction accuracy the dominant source of error
between HRBE and truth solutions is due to the RB approximation, we postulate that it is sufficient to ensure that the hyperreduction
error remains below the RB approximation error. Therefore, we propose a strategy to couple hyperreduction and POD accuracies
(i.e., fidelities) in the component-wise offline training. In the online phase, as described in Section 4, given the desired system-level
error, we adaptively select the RB fidelity of the components while allowing their hyperreduction fidelity to follow accordingly.
This approach significantly reduces the computational complexity of the online phase by eliminating the need to adapt both RB and
hyperreduction fidelities independently.

5.2.1. Error bound for the HRBE solution

In this section, we derive a bound for the error between the HRBE and truth solutions. This bound is later used in Section 5.2.2 to
develop a coupling strategy between hyperreduction and POD fidelities. For brevity and clarity, we provide the theoretical details in
Appendix A. Furthermore, to streamline the presentation, we temporarily disregard the multi-indexed RB space structure and assume
that each component is associated with a single RB space, as introduced in Section 3. The necessary extensions to account for the
multi-indexed RB spaces are discussed in the following section.

11
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We begin by introducing R\hyg : )3th X ﬂ,wg x D; > Rand ﬁrb’g : ﬁbf X ﬁ,bf x D; - RVZ € C, respectively, as the reference-domain
truth and HRBE residual forms such that

Ryw.vip)= Y R, M(c)(w|g oG, (1 ), u( oC.(iu i) Yw,v €V, Vu€ED,
ceC

Ryw. o=y RrbM<c)(w| oGels o) o]y oG HI ) V.0 € Vi, Vi € D,
ceC

Explicit expressions for Rh +(,+;+) and Rrb 2(-,+;-) are provided in Appendix B. We assume that for each ¢ € C, there exists some
&bz € Ry and &, » € Ry, so that for the system C and Yu = (4,).cc € D, the following inequalities hold:

| R oy W00, 0Ge ). 006 (5 e )i )

sup <e Ve e, 12)
VEVpe lolly, MO
| R e e ()], 0G5 1), 009G, 1) )
sup - <&, Ve € C. (13)
vV lolly, Erb. M)

Then, under the regularity conditions elaborated in Appendix A, the error between the truth and HRBE solutions can be bounded as
~ 2 ~
llup () = Uy (Wl < —— Z(Erb,M(c) + Erp,M(c)> 14
pw) &2
where B(u) = min(By, (ug, (1); 1), Pey (e, (1); 1)) for the truth and RB inf-sup constants

. IR}, (v, w, z; )|

Puviu) = inf sup — 2
weVy zey,  lwliyllzlly

IR}, (v, w, z; )

Pp(vsu) = inf sup ———— Yv e V,,Vu €D.
: weV zev,y  llwllyllzlly r

Vv € V,.Vu €D,

Here, R;l(u, w, z; u) Yo, w, z € V, and Vu € D is the Gateaux derivative of the truth residual form R, (-, z; u) at v in the direction of w.
Explicit expression for R} (v, w, z; ) is provided in Appendix B.

Equation (14) shows that the total error between the HRBE and truth solutions is bounded by the sum of the RB approximation
and hyperreduction errors. Consequently, to ensure that the RB approximation remains the dominant source of error at the system
level, it suffices to choose the hyperreduction accuracy such that £, < €, forall ¢ e C.

Remark 3. We set &4, » to be much smaller than ¢, ; to ensure that the hyperreduction is smaller than the RB approximation error,
but not so excessively so that the hyperreduction is still efficient. In practice, the ratio of the two residuals is set to O(10)-O(100).

5.2.2. Coupling hyperreduction and POD fidelities for component-wise training
We now propose a strategy to couple hyperreduction and POD fidelities in the component-wise offline training. As outlined in

Section 5.1, each ¢ € C is associated with a family of RB spaces {vf }ferA Following (12) and (13), we introduce efh and &f . as

the RB approximation and hyperreduction errors for the RB space Vrfb . respectively.
We first describe the procedure for approximating efb N véeCand Vf € F,. For each archetype component ¢, we consider the truth
snapshot set U “Ei“ generated using Algorithm 2. We define PA; : 9;1 s — ﬁrfb casthe H ! (ﬁg) projection operator onto the RB space

Vrbc Then, using (12), we estimate the RB approximation error efb

over all projected snapshot solutions; i.e,

as the maximum dual norm of the component’s truth residual

trai . trai
f |Rh£(Pl7,fh s(uhr;m)’ v "
€,p~ max  sup -
X m""EU“i"“ Leﬁh’g ” U”ﬁ?

where M‘”““ € =i js the parameter associated with the snapshot solution u‘h“““

Subsequently, following the error bound in (14), V¢ € C, we set Ef < e . Vf € F to ensure that the error between the HRBE and
truth solutions is dominated by the RB approximation error, rather than by the hyperreduction error. Therefore, for each component ¢
and for each of its RB spaces V e We apply the component-wise EQP such that the constraint (13) is enforced with the computed

hyperreduction error &f followmg the procedure introduced in [22].

Remark 4. We note that for (14) to hold Vu € D, the RB approximation and hyperreduction errors, fb and &f €, » Mmust ensure that
the constraints (12) and (13) are satisfied over the entire parameter domain. However, this is not feasible, as the RB solution u,(¢)
for all u € D are not available during the offline training. Consequently, we enforce these constraints only over a representative set
of training snapshots. This approach assumes that the training set constructed using Algorithm 2 sufficiently captures the space of

solutions that may be encountered during the online phase.
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Table 1
Coefficients of the aluminum’s thermal conductivity in (16).

Coefficient ko ky ky ks ky ks ke ky

Value (W/K)  0.637  -1.144  7.462  -12.691 11917  -6.187 1.639 -0.173

5.3. Component-wise error contraction estimation

We now present a procedure to estimate the error contraction factors required in the adaptive refinement strategy. For Propo-
sition 1 to hold, the error contraction factors must satisfy the property that, for any system C composed of the trained archetype
components and for any parameter value y € D, the error between the truth and HRBE solutions on each instantiated component

¢ € C contracts by a factor of )¢, f. € Frrey» When its RB space is refined from Vrfl;', M © the next higher-fidelity RB space vrfé’ M)
t! =f, + 1, during the adaptive refinement procedure.

As discussed in Remark 4, it is not feasible to guarantee this contraction behavior for all systems and parameters, since the full
set of truth and HRBE solutions is not available during the offline training. Consequently, we estimate the error contraction factors
using a representative training set constructed using Algorithm 2. We assume that the training set sufficiently captures the range of
solutions expected during the online phase and that the relative error reduction observed over the training data generalizes well to
new system configurations and parameter instances. Therefore, we conservatively estimate the error contraction factors 7 for each
archetype component ¢ € C and f € F as the worst-case ratio observed over the training set; i.e.,

>

Nl e () = ()l

C
Npp X mMax ———————— (15)
B i Tun ) = T e,

train
¢

f’ = f + 1, are the HRBE solutions obtained by solving (8) using Vrfbg and Vrf; o respectively. For the truth and HRBE problems, the

Here, for a given y € Z*", the truth solution u), ;() € 9,,‘5 is obtained by solving (4), and u,, o(1) € Vrfb - and E’;h e Vrfl; . where

Dirichlet boundary conditions on the component ports are obtained from the H l(ﬁg) projection of the training snapshot solutions
onto the corresponding truth and RB spaces, respectively.

6. Case study: nonlinear thermal fin systems

We now present a case study to demonstrate the performance of the adaptive HRBE method. We consider nonlinear ther-
mal fin systems composed of an aluminum alloy, with a nonlinear temperature-dependent thermal conductivity k : [1,300] K —
[4.341,177.868] W/K [32]. The thermal conductivity is modeled as

7
log(k(v)) = Z k; (log(v))’ Vv € [1,300] K, (16)
i=0
where the coefficients k;, i =0, ..., 7, are listed in Table 1. The parameterized continuous residual form for the systems is expressed
as

R(w,v;u) = / (k(w)Vw) - Vodx — fwvdx Yw,ve,
Q(u) Q(p)
where V = {v e H\(Q(u)) : olp, = 0}, and f : D — L%*(Q(u)) is the volumetric source term, assumed to be constant within each

component. The first integral in the residual form depends nonlinearly on the field variable w and does not admit an affine decom-
position.

6.1. Archetype port and component library

Fig. 2 shows the set of archetype components C = {Rod, Bracket, Cross} considered in this study. The local ports of all archetype
components are mapped from the same non-parameterized 17-DoF archetype port depicted in Fig. 2. Hence, the set of archetype
ports is P = {Line}. The reference port has a length of 1 cm and is discretized into eight quadratic line elements. The rod and bracket
components each have two local ports, while the cross component has four.

All archetype components are parameterized by two geometric parameters, y; and y,. For all components, y,, u, € [0.25,1.5] cm,
except for the rod component, where y; € [3,6] cm. In their reference domains, y; = y, = 1 cm for all components, except for the rod
component, where y; = 4 cm. Additionally, the components are parameterized by one physical parameter, u; € [0, 10] W/cm?, which
characterizes the volumetric heat source. All components are discretized by quadratic triangular elements, which leads to N’ 150 4 =091,
NP e = 703, and NO = 1165.

6.1.1. Generation of snapshot solutions

To generate the snapshot solutions for the archetype components and ports, we apply Algorithm 2. For each component, we create

Ngmple = 100 sample subsystems by connecting it to other components in the library through its ports with a connection probability of
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Fig. 2. Archetype port and components in their reference domains. From left to right: line port, rod component, bracket component, and cross
component. Ports are shown by red dashed lines.

Table 2
Summary of the offline training of the archetype
components.
Component Rod Bracket  Cross
NP 691 703 1165
[o 1968 2016 3456
b 1 —
NP (6}, =0.) 2 2 3
NP (82 =0.01) 3 3 8
¢ \"épod
N® (83 =0.001) 4 6 14
¢ “\Vépod
N? (87,4 = 0:0001) 7 9 22
Oy forf=(1,....1) 7 32 56
Oy forf=(2,...,20 15 42 131
Oy forf=(,...,3) 32 89 233
Oy forf=(4,....4) 44 133 296
mingez. g 0.207  0.235 0.214
maxecr. far 0.985  0.997 0.998
mediangcz. 75 0.423  0.383 0.352

v = 0.8. We assign uniformly random parameter values to the components in the subsystems and impose uniformly random constant
Dirichlet boundary conditions to their boundary global ports, with values ranging from 1 K to 250 K. We solve the truth problem (4)
for each assembled subsystem using Newton’s method. The resulting truth snapshot solutions are stored in the full-component and
bubble snapshot sets U}"r.'cii“ and U;lr,;i"’b veed, respectively. Since there is only one archetype port, all local port solutions are mapped

to the reference domain of the line port and stored in its corresponding snapshot set U;"lriii?lc'

6.1.2. Construction of RB spaces
We consider four fidelity levels to construct N]f_?rlle = 4 hierarchical RB spaces for the line port. To this end, we apply POD to U;,rii;e
with tolerances 611‘. =0.1, 62, =0.01, &3 =0.001, and &%, = 0.0001, where each POD tolerance is defined as the ratio
ine,pod Line,pod Line,pod Line,pod
between the square root of the sum of the discarded eigenvalues and the square root of the sum of all eigenvalues of the correlation
matrix. This procedure yields RB spaces of dimension one, two, three, and five, respectively, corresponding to the four fidelity levels.
Similarly, for the bubble space of the archetype components, we consider four fidelity levels, i.e., N cf‘:’l =4, for each ¢ € C. To this

end, we construct four hierarchical RB spaces for the bubble spaces by applying POD to U;:gi"‘b V¢ € C with tolerances 5Clp0 =0.1,

d
6§p0 . =0.01, 531,0 4 =0.001, and Sgpo 4 = 0.0001. The resulting bubble RB space dimensions NLE.’ v¢ € C at different fidelity levels are

summarized in Table 2. The RB size ranges from 2 for the coarsest rod component to 22 for the finest cross component.

6.1.3. Computation of RQ rules
We employ the component-wise EQP developed in [22] to construct the RQ rules for the archetype components. To set the
hyperreduction accuracies required for EQP, we first compute the RB approximation errors efb? for each archetype component

¢ e C and each fidelity level f € F, as described in Section 5.2.2. To ensure that the hyperreduction error is smaller than the RB
approximation error, at least for the training snapshot solutions, we set the hyperreduction accuracy E:b? to 1% of sib? for each ¢
and f. Fig. 3 illustrates the resulting RQ rules for four selected multi-indexed RB spaces of the cross comp(;nent. Table 2 summarizes
the number of RQ points for all ¢ € C across four selected multi-indexed RB spaces. As expected, the number of RQ points increases
with the fidelity level of the RB spaces and complexity of the geometry. The number of RQ points ranges from 7 for the coarsest rod
component to 296 for the finest cross component.

Remark 5. For each archetype component ¢ € C, we compute RQ rules for all of its Ncﬁ‘“ multi-indexed RB spaces. In our case
study, this approach is feasible because the geometries are two-dimensional and the state variable (temperature) is scalar, which

14



M. Ebrahimi and M. Yano Computer Methods in Applied Mechanics and Engineering 449 (2026) 118590

(a) Vi crossr £ = (1,1, 1,1,1). (b) DL, cromss £ = (2,2,2,2,2).

(©) Vi cross: £ = (3,3,3,3,3). (d) Vfy crossr £ = (4,4,4,4,4).

Fig. 3. RQ points of the cross component for different multi-indexed RB spaces.

makes it computationally affordable to invoke the component-wise EQP many (i.e., N Cf‘“) times. However, for problems involving
higher-dimensional geometries and fields (e.g., three-dimensional hyperelasticity), the cost of performing EQP for all multi-indexed
RB spaces can become prohibitive if N Cf‘” is large. In such cases, a practical strategy is to perform EQP only for a selected subset of
the multi-indexed RB spaces. During adaptive refinement in the online phase, if an RQ rule for a given multi-indexed RB space is
not available, we can employ the RQ rule associated with the closest higher-fidelity RB space for which EQP has been performed.
This is justified because the set of constraint equations enforced in EQP for a smaller RB space is a subset of the set enforced for a
larger RB space; thus, the RQ rule of a larger space remains valid for its subspaces. While this approach compromises some online
computational efficiency—since more RQ points than strictly necessary are used for the smaller spaces—it reduces the offline training
cost and the online memory footprint required to store the archetype library, and hence is a reasonable solution, especially when
applying EQP for all multi-indexed spaces is computationally infeasible.

6.1.4. Estimation of error contraction factors

We apply the procedure outlined in Section 5.3 to conservatively estimate the error contraction factors for the archetype com-
ponents. For each archetype component ¢ € C and each fidelity level f = ( Sor (fp)per,) € 7, we identify the next higher-fidelity RB
space f’ = f + 1, and estimate the error contraction factor #,¢ using (15). Table 2 reports the minimum, maximum, and median values
of the error contraction factors for all archetype components. All contraction factors are strictly less than one, which confirms that
refinement consistently improves the solution accuracy. Across all components, the smallest contraction factor, which indicates the
most significant gain in accuracy, is observed when refining the RB space associated with f = (3, 1,..., 1) tof’ = (4,2, ...,2). In contrast,
the largest contraction factor, which indicates the smallest improvement, is observed when refining the RB space that combines the
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Table 3
Summary of the number of DoFs and quadrature points for truth and HRBE prob-
lems in the thermal fin systems.

Npp 2 3 4 5 6 7 8
Newwp 21 40 65 96 133 176 225

N, 17405 34328 56481 83864 116477 154320 197393
N%) 75 148 243 360 499 660 843
NO 144 292 484 720 1000 1324 1692
N 226 456 754 1120 1554 2056 2626
NO 370 748 1238 1840 2554 3380 4318
0, 48960 96768 159360 236736 328896 435840 557568
oy 492 968 1584 2340 3236 4272 5448
éﬁ;’ 1003 2100 3519 5260 7323 9708 12415
oY) 1905 3920 6529 9732 13529 17920 22905
oY 2540 5140 8508 12644 17548 23220 29660

highest-fidelity bubble space and all but one of the highest-fidelity port spaces to the fully enriched RB space, where all port spaces
also reach their highest fidelity.

Remark 6. Unlike the construction of RQ rules, which can be performed for a subset of multi-indexed RB spaces to manage offline
computational cost, the estimation of error contraction factors must be carried out for all multi-indexed RB spaces. However, this
requirement does not pose a significant burden, as the contraction factor estimation involves solving the truth and HRBE problems
only at the component level. These are relatively inexpensive computations, which makes the overall cost of estimating contraction
factors manageable.

6.2. Thermal fin systems

We consider a family of thermal fin systems constructed from the archetype components described earlier. Fig. 4a shows an example
system consisting of 24 rod components, four bracket components, and 12 cross components. To simplify the parameterization, we
focus on systems with an equal number of rod components along the horizontal and vertical directions. We characterize the topology
of each system by a single parameter, Ny;,, which denotes the number of rod components per row/column in each direction. Thus,
the system depicted in Fig. 4a corresponds to a thermal fin system with N;, = 3. We study thermal fin systems with Ny, =2 to 8.
The number of instantiated components in each system is given by Ny, = 3N, + D(Npip + 1.

Table 3 reports the number of truth DoFs N, and the number of truth quadrature points Q;, = ¥ < Qs for all values of Ny;,. The
table also includes the number of HRBE DoFs Nr({ ) and the corresponding number of RQ points Qﬁg) =Y.ec 0 M) f,....s for uniform
fidelity level f € {1, ...,4} across all components and ports. Even at the highest fidelity level, which is never actually reached in the
case studies presented later, the HRBE problem involves ~ 50x fewer DoFs and ~ 20x fewer quadrature points than the truth model.
This highlights the substantial potential for computational savings during the online phase.

Four Dirichlet boundary conditions are imposed on the system boundaries as follows: (i) u.;; =25 K on I'g, (i) u,
on g, (1) tporiom = 275 K 0n Tygyeom, and (iv) ug, = 100 Kon I'
instantiation of a system with Ny, = 3.

We parameterize each system by (i) a single length variable for the rod components, which is shared along the horizontal and
vertical directions; (ii) Ny, + 1 variables for component thicknesses along each direction; and (iii) (N, — 1)*> volumetric heat-source
variables applied to the interior cross components. Therefore, each system is parameterized by a total of N, fzin + 4 variables.

right = 125 K

top- Fig. 4b illustrates the truth temperature distribution for one

6.3. Numerical results

6.3.1. First test: verification of the adaptation behavior for a localized heat source

In this test, for all fin sizes, all geometric parameters are set to their reference values, and the volumetric heat sources are zero
except for the bottom-left cross component, which is assigned a heat source of 10 W/cm?. We use this problem with a localized heat
source to demonstrate the adaptive refinement behavior. We apply Algorithm 1 with N, = 10, A = 10, and a relative V-norm error
tolerance of 1%. For all Ny;, values, convergence is achieved after two adaptive refinement iterations. Fig. 5 displays the final fidelity
levels of the bubble and port RB spaces for systems with Ny, =3 and Ny, = 4. Across all fin sizes, only the components located
within two components of the heat source are enriched, which indicates that the adaptive refinement strategy effectively targets local
enrichment and selectively refines components that have the greatest impact on solution accuracy.

Fig. 6 depicts the effectivity of the error estimate (10) for all fin sizes at all adaptive refinement iterations. The effectivity is defined
as the ratio between the error estimate and the actual error. In all cases, the effectivity is close to unity, which indicates that the
proposed error estimate reliably approximates the true error and can be used to effectively guide the adaptive refinement process.

6.3.2. Second test: comparison of the uniform and adaptive HRBE methods
For this test, we compare the adaptive HRBE method against the uniform HRBE method, which refines the RB space fidelities
uniformly across all components and ports in the system. This test uses the full set of parameters defined in Section 6.2. For each
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Fig. 4. (a) An example fin system with N, =3. Components marked with red asterisks have a volumetric heat source. (b) Truth temperature
distribution for one instantiation of a system with N, = 3.
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Fig. 5. Final fidelity levels of the bubble and port RB spaces for systems with (a) Ny;, = 3 and (b) N, = 4 for the first test with a localized heat
source. Circled numbers indicate the fidelity levels of the bubble RB spaces, and numbers in squares indicate the fidelity levels of the port RB spaces.
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Fig. 6. Effectivity of the error estimate (10) for all fin sizes at different refinement iterations for the first test with a localized heat source.
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Fig. 7. Convergence of the relative error versus N,, for the adaptive and uniform HRBE methods for N;, € {2,4,6,8} and all test parameters for
the second test.

Ngin € {2, ..., 8}, we consider a test set E T‘SS‘ ={ ﬂ}\e,:n . € D}n \» which consists of five parameter tuples sampled uniformly from their
corresponding parameter space. We apply Algorithm 1 with N, = 10, A =20, and a relative V-norm error tolerance of 1% to all
cases.

Fig. 7 shows the evolution of the relative error between the truth and HRBE solutions versus N, for both the adaptive and
uniform HRBE methods across Ny;, € {2,4,6,8} and their test parameters. For all fin sizes and test parameters, the adaptive HRBE
method achieves the desired accuracy within two to four refinement iterations. In all cases, it reaches the target accuracy with
fewer RB DoFs than the uniform HRBE method, which demonstrates that the adaptive strategy more efficiently directs computational
resources toward the components that most influence solution accuracy. Specifically, for the Ny;, = 8 system, the adaptive HRBE
method reduces the number of DoFs from N}, = 197393 to N, = 1188-1609 and the number of quadrature points from Q,, = 557568
to Oy, = >eec 0 Mo)t, = 8291-10463, which corresponds to the reduction of ~ 120-170x and ~ 50-70x, respectively.

For all fins and test parameters, Table 4 reports the maximum value of the ratio between the HRBE error—based on the hyper-
reduced Galerkin projection—and the best-fit error—based on V-orthogonal projection: i.e., max ezt [|up(p) — Uy (Wl / Ny () —

Nfin

Py up(Wlly, where Py, up(n) denotes the V-orthogonal projection of u;,(x) onto the final global RB space V,, obtained at conver-
gence of the adaptive refinement. The ratio is consistently close to 1 across all sizes and test parameters, which indicates that the
Galerkin projection is nearly optimal and proposed mechanism for selecting the hyperreduction tolerances effectively ensures that
the hyperreduction error remains small relative to the RB approximation error.

Fig. 8 depicts the evolution of the RB space fidelities and the actual component-wise error norms at each adaptive refinement
iteration for Ny, =3 and a selected test parameter. While the figure presents a representative case, similar behavior is observed
across all fin sizes and test parameters: in every case, the adaptive HRBE method identifies and refines the components with the
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Table 4

Maximum ratio between the HRBE error, based on the hyperreduced Galerkin projec-
tion, and the best-fit error, based on V-orthogonal projection, for all fin sizes and test
parameters in the second test.

Npw 2 3 4 5 6 7 8

max,coe W@ 7094 1038 1.021 1.049 1.032 1035  1.029
=g Ny (0= Py (0l

0.044 0.277 0.023 0.485 0.021

(a) Component-wise error norms at the 1°* refinement iteration. (b) RB space fidelities at the 1°° refinement iteration.
1;

(c) Component-wise error norms at the 2”9 refinement iteration. (d) RB space fidelities at the 2" refinement iteration.

Fig. 8. Evolution of component-wise errors and RB space fidelities at each adaptive refinement iteration for N, = 3 and a selected test parameter
for the second test. In the right column, red circles and squares mark the bubble and port RB spaces selected for refinement, respectively.

largest errors, which confirms the strategy’s local focus and effectiveness. Notably, the majority of components and ports remain at
the lowest fidelity levels, which reduces computational cost without sacrificing accuracy.

Fig. 9a shows the effectivity of the error estimate (10) for all fin sizes and test parameters in terms of their number of components
Neomp- In all cases, the effectivity values range from 3 to 12, which confirms that the error estimate reliably tracks the true error across
all system configurations and parameter samples. We observe a trend of increasing effectivity values with larger fin sizes. We suspect
this is due to the use of conservative approximations of the error contraction factors, which in turn leads to increasingly conservative
system-level error estimates as the number of components grows. Nonetheless, the variation in effectivity remains moderate, which
indicates that the estimator retains its reliability even in larger systems.

Fig. 9b reports the effectivity of the BRR error bound (A.4) for the same case study. The effectivity values are higher than those of
the hierarchical error estimator. We suspect this is largely due to the factor of 2 present in the error bound, which is not required in
the linear setting for the bound to remain valid. This suggests that this factor, while theoretically required by the BRR theorem, may
be overly conservative in practice. If this factor were omitted, the effectivity values would be comparable to those of the hierarchical
error estimator.
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Fig. 9. Effectivity of (a) the hierarchical error estimate (10) and (b) the BRR error bound (A.4) for all fins and test parameters in the second test.

7. Conclusion

In this work, we have developed an online-adaptive HRBE method for model reduction of parameterized, nonlinear systems
composed of reusable components. The method constructs a library of archetype components during the offline phase, where each
component is equipped with a family of hyperreduced models at multiple fidelity levels. During the online phase, these components
are instantiated and assembled into a global system, where their fidelity levels are adaptively selected to satisfy a user-prescribed
system-level error tolerance. This modular, reuse-driven strategy eliminates the need to retrain when the system topology changes
and enables scalable reduced-order modeling of problems with high-dimensional parameter spaces.

A central contribution of this work is the development of an online adaptive refinement framework for components and ports
informed by a hierarchical error estimator. The estimator compares solutions computed at successive fidelity levels and provides
both local and system-level error estimates without requiring access to the truth model in the online phase. The local error indicators
enable selective enrichment of the components that contribute most to the global error, which ensures that computational resources
are used most effectively in the regions with the highest contribution to the error.

Hyperreduction is performed using the component-wise EQP developed in [22]. We apply the BRR theorem and its variant to
develop a strategy that couples RB and hyperreduction fidelities during offline training to ensure that the hyperreduction error
remains smaller than, but not excessively smaller than, the RB approximation error. This coupling reduces the complexity of online
adaptation and guarantees that error control remains robust throughout the refinement process.

We demonstrate the proposed method on a family of nonlinear thermal fin systems. The results show that the adaptive HRBE
method achieves ©(100) computational reduction while delivering accurate predictions with less than 1% system-level error with
respect to the truth model. Compared to uniform refinement, our adaptive approach more effectively targets high-error regions and
achieves the desired accuracy with fewer DoFs. The system-level error estimator reliably tracks the actual error throughout the
refinement process, which enables efficient and reliable online adaptation.
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Appendix A. Derivation of the error bound (14)

We present the theoretical details for the derivation of the error bound (14). First, we introduce the BRR theorem [24,33] and its
variant to formulate the RB approximation and hyperreduction error bounds, respectively.

Lemma 1 (BRR theorem). Let G : W — W’ be a C! mapping from a Banach space W to its dual space W'. We introduce v € W such that
DG(v) € L(OW; W) is an isomorphism, where L(W; W) is the space of linear mappings from W to W', equipped with the norm || L|| ¢y, yry =
sup,ew 1Lzl /11 zllw for all L € LOW; W'). We further introduce

£ = 16Oy, (A1)
— -1
5= DG @], (A.2)
T@= sup DG~ DG comawns (A3)
zEB(v,a)

where B(v,a) = {z € W : ||z — vllyy < a}. Assume 26T (26¢) < 1. Then, there exists a unique w € W such that G(w) = 0 in the ball B(v,25¢)
and DG(w) € L(W; W') is invertible and satisfies

-1
”DG (w)HE(W’;W) 2.
Additionally, ¥z € B(v,26¢),
Iz = wllyy < 2611G@)lyyr- (A.49)
Proof. See [24]. [

Lemma 2. Let G : W — W and G : W — W' be two C! mappings from a Banach space W to its dual space W'. We introduce w € W
such that G(w) = 0. We assume DG(w) € L(W; W) is an isomorphism and define y = || DG~ (w)| cov':w)- We further introduce

= 1G@)llyyr» (A.5)
T(@= sup [IDGw)— DG@) sy (A.6)
z€B(w,a)

We assume ZyT (2y€) < 1. Then, there exists a unique w € W such that 5(%) = 0 in the ball B(w,2y¥). Additiondlly, ¥z € B(w, 2y€)
llz = @llyy < 271Gl (A7)

Proof. The proof proceeds similarly to that of the BRR theorem in [24] with slight modifications. Define H : W — W as H(z) =
z— DG~ (w)G(z) Yz € W. Accordingly, z is a fixed point of H(-) if and only if G(z) = 0. We have

HGz)—w=z-w- DG (w)G(z) = DG (w)DG(w)(z — w) — DG~ (w)(G(z) — G(w)) — DG~ (w)G(w)
= DG~ (W) DGw)(z — w) — (G(z) — Gw))] — DG (W)G(w)  Vz e W.

We first show that H(-) maps B(w,2y%) into itself. The Taylor expansion of G(z) about w is given by
1
G(z) = G(w) +/ DG(w + t(z — w))(z — w)dt.
0

Thus, for any z € B(w,2yg) we can write

I1H(z) - wlly = DG~ w)[DGw)(z — w) — (G(2) — G(w))] = DG~ (w)G(w)lly

< ”DG—I(w)H “ /I (DG(w) ~ DG(w +1(z — w)))(w —2ydi + 6(w)HW, <y TQre2ye+8 < 2%,
0

LW W)

where the second inequality follows from (A.5), (A.6), and the triangular inequality, and the last inequality follows from the assump-
tion 2yT(2y8) < 1.

We now show that H(:) is a strict contraction mapping of B(w, 2y€) into itself. For any z € B(w, 2y€), using the Taylor expansion
of é(z) about w we can write

1
_ ~ =~ 1
I1H(2) = Hawlly = || 06~ @) / (DG(w) = DGw +1(z = w)) )z~ wide |, < 7T @Dz = wllyy < 311z = wllyps
0
in which the first inequality follows from (A.6), and the second inequality follows from the assumption 27/?(2;/2) < 1. Hence, due to
Banach’s fixed-point theorem [34], we conclude H(-) has a unique fixed point o € B(w, 2y£). Consequently, iv € W uniquely satisfies
G(w) =0.

We now prove (A.7). For any z € B(w, 2y€) we can write

1
B-z2=0-DG ' WGW@)-z=0—2z— DG"(w)(CNv‘(z) - / DG(W + 1(z — 0))(z — ﬁ)d:)
0
1
= DG~ (w)(-G(z) + / (DG(w) — DG +1(z — w)))(u? ~ 2)dr),
0
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where the first equality follows from “adding zero", and the second equality follows from the Taylor expansion of G(z) about @. We
then apply the triangular inequality and incorporate 2yT (2y€) < 1 to obtain (A.7). O

We now apply these lemmas to bound the RB approximation and hyperreduction errors. First, for all v,w,z € ¥V, and u € D, we
define R; o (Vs W, Z5 ) as the Gateaux derivative of the HRBE residual form R, (-, z; #) in (8) at v in the direction of w. Explicit expression

of ﬁ; (0, w, z; p) is provided in Appendix B. Next, we define the inf-sup constant

~ IR (v, w, z; )|
By = inf sup —>————
weVy ey, Nwllpllzlly

Yo € VY € D,
and present the following proposition.
Proposition 2 (RB approximation error bound). For the system C and given u = (u.).ec € D, we introduce

| R}, (uyy (1), 0, w3 1) = R} (2, 0, w; )

Ty(a) = sup sup sup
2€B(uy, (1)) VEV), WEV), llolly llwlly

>

where u,, (1) € V,, is the system’s port-reduced RB solution as in (7). We assume the condition (12) holds, f,(u.,(u); u) > 0, and

2 By (1); 1)
T, (——M—M——— < a7 .
QYRR man ;C o) 2 (A.8)
Then, the truth solution u,(u) € V), in (4) is in the ball B(uy,(1).2 Y ¢ Erbar(e)/ Bn(tin(10); 1)). Moreover,
2
— < = .
ity 40) = e w0l < o cezcg”””“”) (A.9)

Proof. We employ Lemma 1 with W =V, G(z) = R,(z,; u) € V}’l forall z € V;, and v = u,y(u). This leads to 6 = 1/, (uy,(4); p) in (A.2)
and T(«) = T),(«) in (A.3). Additionally, we have

| Rty (1), 25 1)
IG@)lhy = 1Ry (p). - )l = sup === < B e (A.10)
2&Vh ceC

where the inequality follows from the triangular inequality and applying (12). Therefore, we set &€ = 3 .. &b p1() in (A.1). Subse-
quently, according to Lemma 1, if the assumption (A.8) holds, since u,(u) € V, uniquely satisfies Rj(uj,(u),z; u) =0 Vz € V,, it is in
the ball B(uy,(4). 2 Yoec Erbarie)/ Bntn(4); 1)). We finally appeal to (A.4) and (A.10) to obtain (A.9). O

Proposition 2 shows that when the RB solution lies in a neighborhood where the nonlinearity measure 7),(-) satisfies the condi-
tion (A.8), the BRR error bound (A.9) for nonlinear problems resembles the classical error bound for linear problems in terms of the
dual norm of the residual and the inf-sup constant, except for an additional factor of 2.

Proposition 3 (Hyperreduction error bound). For the system C and given u = (u.).ec € D, we introduce

IR, (o (1), v, w5 1) = R, (2, 0, w03 1)

Tp(a) = sup sup sup
2€ Bty (1)) VE Ve WEVyy [l U”v [I w”v

We assume the condition (13) holds, and
2

TG )& <
rb(ﬁrb(urb(ﬂ); u) tezégrb,M<c)) S

(U (1); 1)
ﬁrb rbzll H ) (A11)
(Since Vu € D the port-reduced RB problem is well-posed, By, (u.,(1); u) > 0.) Then, there exists a unique solution i, (u) € Vg, in the ball
Bluy(1),2 Y cc Erb.M(e)/ Bro(Uep(10); 1)) such that Ry, (i, (1), z; u) = 0 ¥z € V,y,. Moreover,

~ 2
[t () = gy (Wl < T Erb,M(c)- (A.12)

o (1); 1) 2
Proof. We apply Lemma 2 with W = V,;, G(z) = R,(z,-; ) and 5(z) = ﬁrb(z, ) for all z €V, and w = u,(u). This leads to y =
1/B (e, (); ) and T'(a) = T, (@) in (A.6). Additionally, we have

|Rrb(urb(ﬂ)s z; )| < zg

IG@)lhwr = | Ryt (). < )y, = sup M) (A.13)

vzl “

where the inequality follows from the triangular inequality and the application of (13). Hence, we set €= Y .- &b m()
in (A.5). Subsequently, if the assumption (A.11) holds, due to Lemma 2, there exists a unique solution I (u) € V,, in the
ball Buy,(4).2 Y e Exbarie)/ Beven(4): 1)) that satisfies Ry, (@, (1), z; ) = 0 Vz € Vyp,. We finally appeal to (A.7) and (A.13) to ob-
tain (A.12). O

We now apply these propositions to derive the total error bound (14).
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Corollary 1 (Total error bound). For the system C and given u = (u,).cc € D, if the conditions of Propositions 2 and 3 hold and

B(p) = min By (up, (1); 15 Pey ey (105 1)) Vu €D, (A.14)
then the total error between the truth and HRBE solutions satisfies the bound (14).

Proof. We have

~ ~ 2 2 ~
[lup () = U D11y < Ny () — w11y + [t (1) — u Wl < m Cechm,M(c) + W Z Erb, M(c)

2 ~
< = + ,
Bu) cez‘g (e + Eromio)

where the first inequality follows from the triangle inequality, the second inequality follows from (A.9) and (A.12), and the last
inequality follows from (A.14). O

Appendix B. Expressions of the Gateaux derivatives and residual forms

We first provide the expressions for the Gateaux derivatives of the truth and HRBE residual forms. Using (4), for all v,w,z € V),
and u € D we obtain

Om(e)

Ryww,zm)=Y Y Bue. ?Emc)([v'i + vﬁ] oG (5 He), [W’j + w{]ogc(-;ﬂc), [Z'j + ZZ] oG (3 He); §M(c),q,uc),
ceC g=1

where ?g(u, w, z; faq, He), CE E’, is the Gateaux derivative of ?g(-,z;?caq, u.) at v in the direction of w. Similarly, using (8), for all
v,w,z € Vy, and u € D we obtain

Om(e)

Ry@wzmn =Y ¥ Buera e [o0+ 0] 06 mo. [uh + ] 06 [ 22+ 22] 06 e Baacorgo e )
ceC g=1

where ?g(v, w, z; ’:‘aq’ Uz), ¢ € 8, is the Gateaux derivative of 7;(-, z; 5%, g M) atvin the direction of w.
We now provide the expressions for the component residual forms. For all v, w € ﬁhyg and u € ﬁ?, the truth residual form for each
archetype component ¢ € Cis given by

QO
I’i\h,g(v, w; p) = Z ﬁaq?;(ub +u,ub +w'; )?&q’ /4).
gq=1
Forall v,w € ]Aeryg and y € D;, the HRBE residual form for each archetype component ¢ € C is given by

=

0;
Ry, 20, w; ) = Z ﬁaq?g<v" +0",ub + ' Xeg /4).
q=1
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